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Abstract: We study the dynamics of a collisionless kinetic gas whose particles follow
future-directed timelike and spatially bound geodesics in the exterior of a sub-extremal
Kerr black hole spacetime. Based on the use of generalized action-angle variables, we
analyze the large time asymptotic behavior of macroscopic observables associated with
the gas. We show that, as long as the fundamental frequencies of the system satisfy
a suitable non-degeneracy condition, these macroscopic observables converge in time
to the corresponding observables determined from an averaged distribution function.
In particular, this implies that the final state is characterized by a distribution function
which is invariant with respect to the full symmetry group of the system, that is, it is
stationary, axisymmetric and Poisson-commutes with the integral of motion associated
with the Carter constant. As a corollary of our result, we demonstrate the validity of
the strong Jeans theorem in our setting, stating that the distribution function belonging
to a stationary state must be a function which is independent of the generalized angle
variables. An analogous theorem in which the assumption of stationarity is replaced
with the requirement of invariance with respect to the Carter flow is also proven. Finally,
we prove that the aforementioned non-degeneracy condition holds if the black hole is
rotating. This is achieved by providing suitable asymptotic expansions for the energy and
Carter constant in terms of action variables for orbits having sufficiently large radii, and
by exploiting the analytic dependency of the fundamental frequencies on the integrals
of motion.
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1. Introduction

In recent years there has been much interest on the properties of solutions of the Einstein-
Vlasov system (see [1] for a review). Even neglecting its self-gravity, studying the
properties of a collisionless gas on a fixed (but curved) background leads to interesting
problems and phenomena. In particular, it has been argued that, as a consequence of
the integrability properties of the underlying geodesic flow [2,3], the Vlasov equation
on a Kerr background admits an explicit solution representation in terms of generalized
action-angle variables [4]. Based on this representation, it has been possible to study
accretion problems which constitute the kinetic analogue of the popular hydrodynamic
Bondi-Michel [5,6] and Bondi-Hoyle-Lyttleton [7,8] models by analytic methods [9—
14]. These accretion models are based on a careful analysis of the relativistic phase space
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corresponding to future-directed timelike geodesics of the Schwarzschild spacetime
which are unbounded in the spatial directions. By imposing suitable boundary conditions
at spatial infinity (describing, typically, a state in thermodynamic equilibrium) one can
show that under reasonable assumptions on the initial datum, the gas configuration
settles down to a steady-state configuration whose one-particle distribution function
(DF) depends only on the integrals of motion. This is not surprising, since a gas particle
following an unbound orbit either falls into the black hole in finite proper time or disperses
to infinity, implying that a stationary observer perceives a steady-state configuration
after long enough time. At the mathematical level, this translates into the fact that the
DF describing this scenario converges pointwise in time to the DF specified at spatial
infinity [9]. For recent related work analyzing the steady-state accretion of a Vlasov gas
in the equatorial plane of a Kerr black hole, see [15].

The complementary region of phase space, describing spatially bound future-directed
timelike geodesics in a Schwarzschild or Kerr black hole exterior spacetime, leads to
(non-accreting) gas clouds surrounding the black hole. As long as the gas is collisionless,
itis sufficient to focus ones attention to the free-particle flow in the bound region of phase
space to understand such configurations. Unlike the unbounded case, a DF whose support
lies inside the bound region does not converge pointwise since the geodesic motion
is quasi-periodic in this region. Interestingly however, the macroscopic observables
associated with the gas, which we define by “smearing out" the DF by multiplying it
with a suitable test function and integrating over phase space, may nevertheless converge
as time goes to infinity, due to phase space mixing [16,17]. This effect, which plays
a fundamental role in diverse fields of physics, including stellar dynamics (see e.g.
[18-22]) nonlinear Landau damping in plasma physics [23,24] and quantum physics
[25-27], is based on the fact that orbits belonging to neighboring invariant tori have,
in general, slightly different fundamental frequencies associated with them, implying
that the flow spreads in the angle directions. As a consequence, from the point of view
of the macroscopic observables, the DF can be replaced with the angle-averaged DF
at large times; in other words, the DF converges weakly to its angle-average [28,29].
Recently, based on the explicit solution representation of the DF in terms of action-angle
variables, we have analyzed this mixing phenomena for the restricted case in which the
gas particles were confined to equatorial orbits in a Kerr black hole exterior, and we
provided evidence that the macroscopic observables do relax in time to a stationary and
axisymmetric state [30]. In the present article, we extend the results of our previous
work to the case in which the gas particles are free to follow any spatially bound, future-
directed timelike geodesic trajectory in the exterior of a Kerr black hole, and we prove
that as long as the black hole is rotating, phase space mixing also occurs in this more
general case.

In the next subsection we provide an overview of the different steps and intermediate
results (many of them having an interest on their own) involved in establishing our result.
We emphasize that we restrict ourselves to a kinetic gas consisting of massive particles;
the behavior of a massless Vlasov gas propagating on a fixed black hole background has
been studied in Refs. [31,32] and leads to decay. See also [33] for self-gravitating static
solutions describing a Schwarzschild black hole surrounded by a finite shell of massless
Vlasov matter.

1.1. Organization of the article and description of the main results. In section 2 we
start with a compilation of relevant results (most of them which are known) regarding
the Hamiltonian flow associated with the geodesic motion in the Kerr spacetime. For
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definiteness, we restrict our attention to the sub-extremal case in which the rotation
parameter’s magnitude is strictly smaller than the black hole mass. For generality and
in view of potential future applications to the accretion problem, we describe these
results in terms of a coordinate chart based on Kerr coordinates, which covers the future
event horizon and a part of the black hole interior in addition to the exterior region. In
particular, we list the four integrals of motion, show that they satisfy (almost everywhere)
the hypotheses for an integrable system and characterize the region I'j,,,,4 of phase space
corresponding to spatially bound future-directed timelike geodesics which are confined
to the exterior region.1 This region ['poyung is naturally foliated by the invariant subsets
on which all integrals of motion are constant, and we show that (after subtracting a zero
measure set from ['p,,n4), these subsets are smooth manifolds with topology R x T3.
Here, the presence of the non-compact factor R is a consequence of the fact that we
work on (the fully covariant) relativistic phase space.

Next, in section 3 we focus our attention on I'y,,,4 and introduce generalized action-
angle variables (Jy, Q%). Although such variables have been introduced and used pre-
viously in the literature, see e.g. [35-37], we are not aware of rigorous results regarding
their global properties on I'py,nq. Two difficulties arise; the first one is related to the
fact that the invariant sets are not compact, such that one cannot immediately apply the
Liouville-Arnold theorem to construct action-angle variables. However, by showing that
the Hamiltonian vector fields associated with the integrals of motion are complete on
each invariant set, one can generalize the construction of the Liouville-Arnold theorem
[38] and construct (J,, Q%) in an open neighborhood of any invariant set. Whereas
the action variables Jy, J», J3 are topological invariants associated with each invari-
ant set, there is an ambiguity in the choice for Jp, originating from the presence of its
non-compact factor. In this article, we choose Jy equal to the integral of motion corre-
sponding to the rest mass of the particle, and we explain the advantages of our choice.
By construction, on each invariant set the variables J, are constant while the variables
QY are globally well-defined coordinates on this set, @', 02, and Q3 providing an-
gles parametrizing the torus 73 and Q¥ parametrizing the non-compact factor R. The
second difficulty is related to the question of whether or not the action variables Jy
uniquely characterize each invariant set; that is, whether the variables (J,, Q%) provide
a global chart of I'p4,,4. Although this can be established in some limiting cases, like
the Schwarzschild limit or when restricting to orbits with sufficiently large radii, we do
not address this question in the present article. To circumvent this problem, we replace
the J-variables with the variables P, describing the constants of motion, and work with
the globally-defined (but non-canonical) variables (P,, Q%) instead of (J,, Q%). The
main results of section 3 are summarized in Theorems 1 and 2. Finally, in this section we
also express the variables (J,, Q%) explicitly in terms of Legendre’s elliptic integrals,
we compute the fundamental frequencies w® characterizing the motion and discuss their
meaning, and we show that the free-particle (Liouville) flow on I'poynq 1s trivialized.

Section 4 is devoted to the main results of this article and states the strong Jeans
and mixing theorems. To this purpose, we start with a reduction to a problem on
a six-dimensional phase space foliated by invariant tori 73, for which the motion
is characterized by the standard winding around the tori with associated frequencies
® = (o', ®*, ). This reduction is performed by fixing the particles’ rest mass, by
considering constant Boyer-Lindquist time hypersurfaces and by identifying points ly-
ing on the same Killing orbit generated by the asymptotically timelike unit Killing vector

1 A similar characterization has recently been worked out in Ref. [34].
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field.? The reduced problem allows one to easily prove that the Cauchy problem associ-
ated with the Vlasov equation on I'p4,,4 1S well-posed and that its propagator is described
by a strongly continuous unitary group. Next, we introduce the A-nondegeneracy condi-
tion which essentially states that the Jacobian of w is almost everywhere invertible and
show that this implies that the frequencies are non-resonant for almost all values of the
constants of motion.> Based on these observations, we first formulate the strong Jeans
theorem for our setting (Theorem 3), stating that a stationary DF is independent of all
angle variables if the A-nondegeneracy condition holds. A similar theorem (Theorem 4)
is proven stating that under an analogous B-nondegeneracy condition, invariance of the
DF under the Carter flow implies that it must be independent of the angle variables. The
mixing theorem is stated in Theorem 5, and we formulate it for any dual pair (F, G),
where F denotes the initial distribution function and G the test function. Our theorem
only requires very mild regularity conditions on F and G; in particular it works for any
FelLP,1 < p < oo,and G lying in the dual space L? with 1/p +1/q = 1.

Next, in section 5 we provide a more detailed analysis in the Keplerian limit of orbits
lying far from the black hole. To this purpose we first show that the relevant quantities
are analytic in the parameter u, which represents the inverse square root of the semi-
latus rectum of the orbit, in a vicinity of u = 0. Next, we show that for small enough
||, the energy, Carter constant and the action variables can be expressed in the form of
convergent power series in p. Further, we prove that for small enough ||, the mapping
from the constants of motion to the action variables can be inverted, and using this result,
we express the energy and Carter constant as a power series of the action variables, up
to the desired accuracy in p. We perform this expansion including terms of the order of
@ in the energy and terms of the order of ? in the Carter constant. This allows one
to compute the fundamental frequencies  including terms of the order 1% and to prove
that both the A- and B-degeneracy conditions are satisfied for small enough values of
@ > 0 (see Theorem 6), provided the rotation parameter of the black hole is nonzero.
This shows that mixing is taking place in the far exterior region of a rotating Kerr black
hole. The validity of the non-degeneracy conditions for generic bound orbits then follows
from the analytic dependency of the fundamental frequency on the constants of motion.

Finally, in section 6 we summarize our results and formulate the main conclusion
of this paper, namely the mixing theorem for the Kerr case (Theorem 7). We also give
several remarks regarding possible generalizations and open problems that, we hope,
will be addressed in future work. Several technical points, such as a thorough analysis
of the effective potentials describing the motion in the polar and radial directions, the
parametrization of orbits and the explicit evaluation of the generalized action-angle
variables (J,, Q%) are discussed in appendices A-E.

1.2. Notation and conventions. Throughout this article, we use the same notation as in
Ref. [9]. In particular, T* M denotes the cotangent bundle associated with the spacetime
manifold (M, g) (which is assumed to be a smooth and time-oriented Lorentz mani-
fold), the relativistic one-particle phase space corresponding to a simple gas of massive
particles is the subspace

[ :={(x,p) € T*M : p* is future-directed timelike}, (1)

2 An alternative approach which does not rely on the introduction of a specific foliation has been discussed
in [30].

3 Resonant orbits and their implications for perturbations of Kerr black holes have been analyzed in Refs.
[39,40].
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where pf = gy (p,-) denotes the vector associated with the momentum covector
p € TYM at x € M, and the Liouville equation, which describes the evolution of a
collisionless DF f : ' — R, is

Lo 28 0

0, 2
2170417;9 oxi dp, (2

0
Xulf] = g‘”(x)puax—fu -

in adapted local coordinates (x*, p,,) on T*M. Here, X i refers to the Liouville vector
field which can be defined invariantly as the Hamiltonian vector field associated with
the free-particle Hamiltonian H (x, p) := % gy Y(p, p) and the natural symplectic form
Qg = dp, Adx" on T*M. Recall that for an arbitrary smooth function F : T*M — R,
the associated Hamiltonian vector field X r is the unique vector field on 7*M such that
dF = Q(-, XF), and it is given explicitly by

_O0F 9 oF 9
N op, dxH*  OxH 8pu'

3)

F

The Poisson-bracket between two smooth functions F, G : T*M — R is defined as

oF oG  9dF oG
—_— — =dG(Xp). 4
opy 0x*  dxH dpy

{F. G} = Q(XF, Xg) =

Note that the symplectic form can be expressed as the exterior differential of the Poincaré
one-form

O = pudx", (5)

see, for instance, Eq. (2) in Ref. [9] for a coordinate-invariant definition of ®. Finally,
recall that T" is equipped with the volume form

1
o= —sz A Qg A Q5 A Q2
= —dx" Adx" Adx* Adx® Adpy Adpi Adps A dps, (6)

which is invariant with respect to the Liouville flow: £x,, nr = 0. For a recent review
on the geometric structures of the cotangent bundle which are relevant for relativistic
kinetic theory, see [41].

2. Geodesic Motion on a Kerr Black Hole as an Integrable Hamiltonian System

This section is devoted to a review of some of the most important results regarding the
geodesic motion on a Kerr spacetime which are relevant for this article. We consider
the spacetime (M, g) describing a Kerr black hole of mass My and rotation parameter
ap satisfying a%i < M%. Using horizon-penetrating coordinates (¢, r, ¥, ¢) which are
related to the standard Kerr coordinates (V, r, 6, ¢) (see, for instance [42]) through the
relations V = ¢ + r,0 =19, q~5 = @, the Kerr metric is given by

g = —dt* +dr? — 2ap sin’ ddrde + <r2 + a%) sin? zS‘d(p2 + p2dv?

2Mpyr

+
02

2
(dt +dr — ay sin? ﬁd(p) , 7



Phase Space Mixing of a Vlasov Gas Page 70f 72 105

Fig. 1. Penrose diagram of the symmetry axis of the Kerr spacetime. The spacetime (M, g) considered in this
article corresponds to the two causal diamonds showing the dashed blue r = const lines. The continuous red
line illustrates the qualitative behavior of a r = const hypersurface in the region r > r_

with the function p2 = p2(r, 9) := r? + a%[ cos” . The representation of the metric in

these coordinates is regular for all » > 0 and 0 < ¥ < 7,* in particular it is regular at

the inner and outer horizons ry := My £,/ M121 — a%]. For the following, we restrict
ourselves to the region of the (maximally extended) Kerr spacetime corresponding to
r > r_ which contains the future event horizon r = r4, see Fig. 1. For brevity, we shall
denote this spacetime region by (M, g).

Note that the = const. hypersurfaces have the normal vector field

9 DMyr\ 9 2Myr 0
N:=—g’“’(VMt)av=<l+ Hr) i

2 o T2 o ®)

4 The coordinate singularities at the poles ¢ = 0,  could be removed by introducing Kerr-Schild coordi-
nates (x, y, z) defined by x +iy = (r +iap) sin Del?, 7 = rcos ¥, see Ref. [42]. In this article, we shall not
consider polar orbits, i.e. bound orbits which cross the symmetry axis, such that we do not need to introduce
Kerr-Schild coordinates.
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which satisfies g(N, N) = —(1 +2Mpyr/ ,02) < 0; hence N is timelike and the hyper-
surfaces t = const. are spacelike, and N provides a time orientation on (M, g). Instead
of N, it will result more convenient to use the vector fields®

X'—(r2+a2)a+a O and Y= 2Muro +a AN )

= 5 T Mg T S T e T Ty
with the function A = A(r) :=r2 —2Mpyr +a12q. They satisfy —g(X, X) = g(¥,Y) =
pzA, g(X,Y)=0and dt(X) > 0,dt(Y) > 0; hence X is future-directed timelike in
the region r > r; and Y is future-directed timelike in the region r_ < r < r.
The free-particle Hamiltonian for the metric (7) is

2
1 P
H(x,p) = ﬁ |:_ (p2 +2MHr) pl2 +4Mpyrp;pr +2ap prpy + Apf +p§ + sin§§:| .

(10)

Since the underlying spacetime is stationary and axisymmetric, the following quantities
are conserved along the particle trajectories:

m = ~/—2H (rest mass), (11
E = —p; (energy), (12)
L; = p, (azimuthal angular momentum). (13)

Remarkably, there exists a fourth conserved quantity, discovered by Carter by sepa-
rating the Hamilton-Jacobi equation [2], which is defined by®

L 2
K :=p3+ ( - Zﬁ — Eagy sin z‘/‘) +m?a3 cos’®  (Carter constant).  (14)
sin

Note that this constant is manifestly positive, and moreover, in the Schwarzschild limit
ay = 0 it reduces to the square of the total angular momentum L. For these reasons,
we shall use the notation L2 instead of K (and L instead of +/C) even in the rotating
case.

For the following, we introduce the smooth functions Fy, Fy, Fp, F3 : T*M — R
on the cotangent bundle which define these integrals of motion:

Fo(x.p) = —H(x, p). Fi(x.p):=—pi. Fax,p):= py,

F3(x, p) :

2

p§+( L sinﬁp,) — 242 cos> 9H (x, p). (15)
sin ¢

The presence of these four functions imply that the geodesic motion in the Kerr spacetime

yields an integrable Hamiltonian system.” The precise formulation of this statement is

contained in the following two proposition whose proof will be given below.

5 With respect to Boyer-Lindquist coordinates the vector field Y is just A 3%.
6 In Kerr-Schild coordinates one has L; = xpy — ypx and

2
a
K= (2 +ai)(p} + P + p2) = (ps +ypy +2p2)” = 2ap EL: + -5 [0? = D)E? =2 p2 4 m?2?),

which shows that /C is everywhere regular for r > 0 including at the axis ¥ = 0, w where x =y = 0.

7" A Hamiltonian vector field X g7 on a 2n-dimensional symplectic manifold is called integrable if there exists
n smooth functions Fj such that {H, Fj} = {Fj, Fyy=0forall j,k=1,2,...,nanddFy,dF>,...,dF,
are linearly independent at each point. See, for instance, chapter V in [43] for more details.
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Proposition 1. The functions Fy defined in Eq. (15) Poisson-commute with each other:
{Fo, Fg} =0, o, p=0,1,23.

Proposition 2. The differentials d Fy, d F1, d F», d F3 are linearly independent from each
other at each x € Ty, where Iy C I' is a dense subset of the phase space I" which is
invariant with respect to the flows generated by the Hamiltonian vector fields X := XF,,
a=0,1,2,3.

Next, one considers for each given value of (m, E, L., L) the (possibly empty) subset

CwEr..r = {(x,p) €T : Fo(x, p) =m?/2, Fi(x, p) = E,
Fy(x,p) = Ly, F3(x, p) = L?) (16)

of the one-particle phase space I', which by definition is invariant with respect to the
Hamiltonian flows associated with Fy, Fy, F> and F3. As a corollary of Propositions 1
and 2 one has

Corollary 1. Suppose I'yy g 1,1 C Do is contained in the set I'y appearing in the
statement of the previous proposition. Then, I'y, g 1. 1 is a four-dimensional smooth
submanifold of ' whose tangent spaces are spanned by the vectors Xql(x p), @ =
0,1, 2,3, at each point (x, p) € Uy g,L.,L. Furthermore, the restriction of the Poincaré
one-form ® to 'y, g 1, 1 is closed.
Proof. Since Q4(Xy, Xg) = {Fy, Fp} = O forall o, 8 = 0, 1,2, 3 and the vectors
Xol, p) Span the tangent spaces of I'y, g 1. 1, it follows that the restriction of Q3 = d©®
on I'y, g 1,1 vanishes. O
Remark 1. The Hamiltonian vector fields X, = X, have the following interpretation:
— X is the Liouville vector field, — X is the complete lift® of the asymptotically timelike
Killing vector field 9; and X» the complete lift of the Killing vector field d,. The vector
field X3 generates the Carter flow, that is, the symmetry flow associated with the Carter
constant, and it cannot be written as the complete lift of any spacetime vector field.
For the following, we focus our attention on spatially bound orbits. This leads to the
restriction of phase space I" on which the invariant submanifolds I',, £, ., 1 have topology
R x T3. The next proposition characterizes the range for the parameters this subset
corresponds to.
Proposition 3. Let o« := ay/Mpy € [0,1) and denote for each B € (—1,1) by
Lys (e, B), Emin(a, B, L) and E,,qx (e, B, L) the quantities (whose precise form is unim-
portant for the moment) corresponding to the dimensionless quantities Ay, Emin, Emax
defined in Lemma 21 in appendix B. Finally, denote by Q2 the open set of four-tuples
(m, E, L;, L) satisfying
m >0, L>Lps(a,B), Enpin(a,B,L) < E <min{m, Ejax(a, 8, L)},

L,=BL+ayE #0, (17)
for some B € (—1,1).

Then, Ty, g, 1,1 has a unique connected component which lies entirely in the exterior
region r > ry. This component, which we denote by Fr(rfxé) 1.1 in the following, has
topology R x T3.

The remaining part of this section is devoted to the proofs of Propositions 1, 2 and 3.
Some of the intermediate results in these proofs will be used in the next section as well.

8 See, for instance, Ref. [9] for a definition and a summary on the properties of the complete lift.
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2.1. Proof of Proposition 1. The only commutator whose vanishing is not immediately
evident is {Fp, F3}. To compute it, we rewrite F3 in the form

Pe_ | ap sindp;. (18)
sin

Using the identity {H, AB} = {H, A}B + A{H, B} we obtain first

= pg + Q2 — 2a12,1 cos? v H, 0=

{Fo, F3} = =2{H, py}ps —2{H, O}0 +2a%1{H, cos> 9}H. (19)

Next, an explicit computation reveals that

dH cot?d Pl .
(H,py}=——— = 7 [ﬁ — a3y sin® 19(2H+p,2)} , (20)
0H 0
(H, Q}:a—£=—co ﬁp—’;[ ,p(pﬁ—agsinﬁp,], 21)
P p* Lsin
dH 3 cos® ¥
{H, cos? V)= — cos = —2cos ¥ sin z‘/‘p—g, (22)
dpy 90 Iy
from which one concludes easily that { Fp, F3} = 0. |

2.2. Proof of Proposition 2. The proof of Proposition 2 and the determination of the
dense invariant subset g is more involved than the proof of the previous proposition. In
order to proceed, we consider for each given value of (m, E, L, L) the (possibly empty)
subset I'y; g1, C I defined in Eq. (16), which by definition is invariant with respect
to the Hamiltonian flows generated by Fy, Fi, F> and F3. Clearly, each point (x, p) € T’
is contained in precisely one of these invariant sets. Furthermore, (x, p) € I'y gL, L
if and only if p is future-directed and if the conjugate pairs (¢, p;), (@, py), (¥, py),
(r, py) fulfill the following restrictions:

(t, p): po=—E, (23)
(9. Py) : pp = Lz, (24)

L 2
. py)  p3+K@®) =L> K@®):= <Sinzl9 —apy sint?E) +am? cos’ 9,

(25)
(r, pr) : Apr2 —2Q2MyEr —agyL;)p, — (r2 +a%1 + 2M1L1r)E2
+2agEL, + L* +m*r? =0, (26)

where the last of these restrictions is an immediate consequence of the following identity:

2r2H(x, p) = Ap,2 +2(agpy +2Mprp) pr — (r2 +a12L, +2MHr)p,2
—2an pipy + F3(x, p). 27)

Aslong as A # 0 Eq. (26) is equivalent to
(Apr —2MpEr +ayL:)* = R(r),

R(r) .= [E(r2 +a%1) — aHLZ]2 - A (L2 +m2r2) . 28)
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Note that Hamilton’s equations of motion imply that

. 0H 1

= = — (Apr —2MyEr +aylL;), (29)
apr P

and hence the expression inside the parenthesis on the left-hand side of Eq. (28) is just
p? times the radial velocity 7. When A = 0, Eq. (26) reduces to

2Q2MyuyEr —ayL,)(pr + E) = L? + m?r>. (30)

The next lemma characterizes the set of points in phase space I' for which the differ-
entials d Fy, d Fy, d F> and d F3 fail to be linearly independent from each other:

Lemma 1. Let (x, p) € I'y 1.1 be such that 0 < & < 7. Then, dFy, dFy, dF, dF3
are linearly independent unless one (or both) of the following cases occur:

(a) py =0and K' (%) =0,
(b)r >ryand R(r) = R'(r) =0.

Remark 2. Case (a) corresponds to particle trajectories which are confined to the equato-
rial plane or to certain cones of constant ¥ (see appendix A), while case (b) corresponds
to spherical trajectories.

Proof of Lemma 1. Wenote firstthatd Fy = —dp; # Oandd F> = dp, # 0 are linearly
independent from each other. Next, we consider instead of d Fp = —d H and d F3 the
one-forms

Ao :=2r’dH —dF;, A3 :=dF;+2a% cos’ 9dH. (31)

The linear transformation that maps (d H, d F3) to (Ao, A3) has determinant equal to
2p? > 0,and thus it is invertible. Consequently, the statement of the Lemma is equivalent
to the verification that the one-forms d F1, d F>, Ao, A3 are linearly independent from
each other.

An explicit calculation taking into account the definition of Q defined in Eq. (18)
reveals that?

dpga . /
- +apy sinvdp; | + K'(9)d9, (32)
sin ¥

A3 =2pydpy +20 <

which shows that A3 is linearly independent from d F; and d F; unless the conditions in
case (a) are met. In order to analyze Ay, it is convenient to introduce the quadratic form

O, pr) 1 = Ap? —2QMyEr —ayL,)p, — (r* +a% +2Mpr)E?
+2agEL. + L* + m*r?, (33)

such that Q(r, p,) = 0if (x, p) € 'y £, 1,1, see Eq. (26). Using the identity (27) one
finds

0Q 3Q
A = a_(r’ pr)dp, + —(r, pdr + (... dp, + (...) dp,, (34)
Dr ar

9 Using Kerr-Schild coordinates one finds the following expression for A3 on the symmetry axis:

Asley)=0.0) = 22 [~pe(pedx + pydy) + (P + pPdz] + 207 + a3 (padps + pydpy) +2ap prdpy.

which shows that A3 is linearly independent from dp; and dpy, unless (py, py) = (0, 0), that is, the motion
is confined to the axis.
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which shows that A is linearly independent form d F1, d F; and A3 unless

0Q
apr

ad
(r, pr) =2(Apr —2MyEr +ayL;) = 0 and a—Q(r, pr) =0. 35)
r

When A = 0 the first of these equations and Eq. (30) imply that L2 + m%r? = 0 which
is a contradiction since m > 0 and r > r_. When A # 0 the first equation and Eq. (28)
imply R(r) = 0; however, this situation cannot occur when r_ < r < ry since in this
case A < 0 and thus R(r) > 0. When r > ry, the quadratic form Q can also be written
as

1
Q. py) = — [ (Apr =2Mu Er +ayLo)? = R(1)). (36)

and differentiating both sides with respect to r shows that when R(r) = 0, the second
condition in Eq. (35) is equivalent to R'(r) = 0. |

To conclude the proof of the Proposition, we define I'g to be the set of points (x, p) €
I" for which d Fy, dFy, d F,, d F3 are linearly independent from each other. It follows
from Lemma 1 that the complement I' \ T'¢ is a zero measure set in (I, nr) since the
sets {py = O} and {R(r) = 0} = {Ap, = —2Mpyrp; +ap p,} are already zero measure
sets. Finally, it is not difficult to verify that I" \ ' is invariant with respect to the flows
generated by X, . O

2.3. Proof of Proposition 3. As discussed previously, (x, p) € I'y, g 1,1 if and only if
p is future-directed and if the pairs (¢, p;), (¢, py), (¢, py), (r, p,) satisfy Egs. (23-26).
From these conditions it is clear that the time coordinate ¢ and the azimuthal angle ¢ are
free, giving rise to one R x S! factor.

Next, one uses the qualitative features of the function K : (0,7) — R which
are summarized in appendix A. For the present case in which |L, — ag E| < L and
0 < Ens < E < m with Eys 1= méespp(xms) the energy of the marginally stable
orbits it turns out that K decreases monotonously from oo to (L, —agE )2 and then
increases monotonously again to oo as ¢ increases from 0 to /2 to . Consequently,
the projections of the sets I'y, g . 1 onto the (%, py)-plane are closed curves which are
topologically equivalent to S'.

Finally, we analyze the projection of the set I'y, g, 1,1 onto the (r, p,)-plane. When
r # ry (thatis, A # 0), this set is described by Eq. (28), where the function R is a fourth
order polynomial in the variable r, which depends on the six parametersay, My, m, L,
L and E. In the following, we determine the r-intervals on which this polynomial is non-
negative. To perform this analysis, we first note that forr_ < r < r; the function R(r) is
manifestly positive and hence Eq. (28) has always two solutions given by p, = py+(r)
with

2MyEr —apgL, £ /R(r)
A
(r* + a3 +2Myr)E? —2ag EL, — (L + m*r?)
= - : (37)
2MygEr —agL, F /R(r)

where the second representation is useful to understand the limits when r — ry. The
next lemma shows that only the solution corresponding to p, = p,_(r) yields a future-
directed momentum p and is relevant for the purpose of this work.

pr£(r) ==
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Lemma 2. Let (x, p) € Uy g 1,1 suchthatr_ <r < ry. Then p, = p,_(r).

Proof. Consider the vector field Y defined in Eq. (9) which is future-directed timelike

in the region A < 0. Since (x, p) € 'y, g,L,,L, p must be future-directed and thus
0<—p(Y)=2MyEr —ayL, — Ap, = VR,

where we have used the fact that p, = p,+(r) in the last step. This proves that only the
lower sign is possible as claimed. O

Remark 3. As r — r4, the relevant function p,._(r) has a well-defined limit provided
ZMHEr:t — aHLZ > 0.

Next, we restrict our attention to the region » > r,. For this, it is convenient to replace
L, with the new parameter

A~

L,:=L,—ayE, (38)

whose square corresponds to the minimal value of the function K (¢#) when a%{(E 2
m?) < L?, see appendix A. With this change we can rewrite the function R in the form

R(r) = r'[E — We(MIE — W_(r)], (39)
where
r A (m2r? + L2
Wa(r) = 2L 4 ( . ) (40)
r r

Since W, (r) > W_(r) for r > r, it follows that R(r) > 0 if and only if r lies in either
one of the disjoint sets

{r>ry:Wo(r) <E}or{r>ry: W_(r) > E}.

However, as shown in the following Lemma, only the first of these two sets corresponds
to future-directed trajectories and hence belongs to the invariant set I'y, g 1. 1

Lemma 3. Let (x, p) € Iy, 1.1 such thatr > ry. Then, W, (r) < E.

Proof. 1f (x, p) € 'y E,L,,1, then p is, by definition, future-directed. On the other hand,
the vector field X defined in Eq. (9) is also timelike future-directed in the region A > 0.
Therefore, we must have

0<—pX)= (r2 +a%1)E —aylL; = r’E — aHiz.
However, if E < W_(r) then
r’E —aHI:Z < —vVA@m2r2+12) <0,

so in this case p is past-directed and we obtain a contradiction. On the other hand, if
E > W.(r) then

r2E — aHlA,Z > +v/Am2r2 + L?) > 0,

and p is future-directed. O
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Fig. 2. The effective potential wy, g 5 (x) = W4 (r)/m as a function of x = r/My for the parameter values
a = 0.12, B = —0.61 and A = 4.25. The vertical solid lines show the locations of the maximum and
minimum, ryax /My =~ 4.034 and rpy,i, /My ~ 13.45. The dashed vertical lines indicate the locations of
rph/Mp ~ 3.077 and rips /My ~ 6.223

Remark 4. 1t follows from Lemmas 2 and 3 that the projection of I'y, g 1. 1 onto the
(r, pr)-plane consists of the points for which

r— <r<ryand p, = po—(r)orr >ryand Wi(r) < E and p, = p,r+ (1),

with p,4(r) glven by Eq. (37). In the limit » — r; one obtains the condition £ >
W+(r+) = aHLZ/r which implies that 2My Ery — ayL, = (ZMHF+ — aH)E —
aHLZ = rEE — atHLZ > 0; hence for values of E such that £ > czHLZ/rJr the curve
pr = pr—(r) intersects the event horizon. This curve corresponds to infalling particles
that are absorbed by the black hole.

Remark 5. The properties of the projection of I'y; g1, 1 onto the (r, p,)-plane in the
region r > ry depend on the shape of the effective potential W, for a given energy
level E. A detailed analysis of the qualitative features of the function W, is given in
appendix B. We summarize the relevant results in the following Lemma.

Lemma 4. Suppose that lag| < My and |£Z| < L and let L,y == Mygmhy(a, B),
Fms = MpyXxms(t, B), rpn := Mpyxpn(a, B), be defined as in appendix B (in particular,
see Lemmas 19 and 20 for the definitions of xpj and Xxps). Then, the function W, :
[ry, 00) — R defined by Eq. (40) satisfies the following properties:

e When L < L, the function W, is monotonously increasing.

e For each L > L5 the function W, has a unique local maximum (the centrifugal
barrier) located at 1ipax € (¥ph, T'ms) and it has a potential well with a local minimum
located at ryiy € (rms, 00) which is enclosed between the centrifugal barrier and its
asymptotic value m (see Fig. 2).

e As L increases from Ly to 00, Fiyax decreases monotonously from rys to rp; and
Wi (Fmax) increases monotonously from E s to 00 while 1y, increases monotonously
from s to 00 and Wi (ryin) increases monotonously from Ey,s to m.

It follows from this Lemma that for the given ranges for L and E in the hypothesis

of the proposition, there are closed trajectories giving rise to the remaining S'-factor in

the topology of F’(:xé) L This concludes the proof of the proposition. O
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3. Generalized Action-Angle Variables on I'y,,,4

This section is devoted to the construction of generalized action-angle variables which
provide new symplectic coordinates!® (J,, Q%) on the subset of the relativistic one-
particle phase space I' corresponding to bound orbits in the Kerr exterior region. The
construction largely follows standard methods from classical mechanics, see for in-
stance [43,44]. Nevertheless, one should point out that in our case the invariant sets
Fr(:xbi) £, Are not compact, such that one cannot directly apply the famous Liouville-
Arnold theorem. However, by showing that the Hamilton vector fields X, associated
with the integrals of motion F, defined in Eq. (15) are complete, it is not difficult to
generalize the proof to the present case, obtaining one extended coordinate Q¥ € R
in addition to the 27 -periodic angle variables Q', Q%, Q3. For a generalization of the
Liouville-Arnold theorem to non-compact invariant manifolds of completely (or par-
tially) integrable systems, see [38].

For the following, we recall the set 2 defined by the conditions (17) in Proposition 3,
and we introduce the following subset of I":

Chound = U 1—‘r(:,XEt?L,,L’ @1
(m,E,L,L,)eQ

which (with the exception of the special orbits characterized in Lemma 1) describes the
phase space of bound orbits in the exterior Kerr spacetime. In the next subsection, we
provide a formal definition for the construction of the generalized action-angle variables
(Jo, Q%). In subsection 3.2 we determine the action variables and analyze the local
invertibility of the transformation I which maps the conserved quantities (m, E, L., L)
to the action variables. Next, in subsection 3.3 we show that the Hamiltonian vector fields
X associated with F,, are complete in ['py;,,4. This allows one to show in subsection 3.4
that the (multi-valued) Q%-variables are globally well-defined, and leads to the main
theorems 1,2 of this section. Finally, in subsection 3.5 we provide explicit expressions
for the variables (J,, Q%) in terms of Legendre’s elliptic integrals.

From now on we shall introduce the following notation: C = (Cy) := (m, E, L,, L)
denotes the conserved quantities, whereas P := (Py) : pouna = Q2 C R* refers to the
corresponding integrals of motion

(Pu(x, p)) i= (V2Folx, p). Fax, p), Faw, ) E(. ) (%, ) € Dhouna:
“2)

Hence, according to Eq. (16), one has P, (x, p) = C, if and only if (x, p) € F;f’xbf)’L”L

forall C = (m, E,L;, L) € Qand (x, p) € Tbound-

3.1. Formal definition of the action-angle variables. Recall that each set anexbi) I L

in the union (41) is invariant under the Liouville flow and topologically of the form
R x T3. We have also seen that the torus 73 is naturally generated by the three S!-factors
corresponding to the motion in the azimuthal, polar and radial directions, respectively.
Each of these S! factors gives rise to the variable
Iy(m,E,L;, L) ::ifG), k=1,2,3, (43)
2
Yk

10 This means that (Jo, Q%) are local coordinates satisfying Q25 = dJy A dQ%.
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where y, denotes a closed curve confined to I‘,(: Xé) 1.1 Which circumscribes once the k’th

factor S' and can be contracted to a single point with respect to the other S' factors. Since

the restriction of the Poincaré one-form ® to Fr(ne be) 1.1 1s closed (see Corollary 1), the

variables [; are invariant with respect to deformations of the curves y, within Fr(: xé) L. L>

and thus they describe topological invariants of Fr(,f xb{) L. L

The choice for Iy is more subtle. One could imagine defining Iy in analogy with
Eq. (43) to be proportional to
[

Yo

with yp a curve in F,(:xg) 1.1 Which is contractible to a single point with respect to each

S! factor. However, since R is not compact, in general the result depends on the end
points of yy and fails to represent an invariant quantity.!! For this reason, we adopt a
different choice for Iy, already proposed by us in [29], which turns out the be convenient
for our purposes, namely

Io(m, E, Ly, L) :=m. (44)

The quantities (I,) := (lo, I1, I, I3) defined by Egs. (43,44) yield a smooth map
I:Q — R* which, as we show below, is (at least) locally invertible. The generalized
action variables Jy : T'poung — R are defined by the functions

Ja(x. p) = Lu(P(r. p) = lo (V=2H( p). Fi(x, p), P2 p). VFs(xp))

(x’ P) € Fbound’ o = O’ 1725 3 (45)

Note that unlike Ji, J> and J3 which have the units of an action (mass squared in ge-

ometrized units), Jo has units of mass. Consequently, the conjugate variable Q° (defined

below) has units of length whereas the angle variables 0!, 0% and Q3 are dimension-

less. The main advantage for the choice in Eq. (44) lies in the fact that the one-particle

Hamiltonian (10) and Liouville vector field assume the simple form
1, a

H:—EJO, XH=—J08—Q0. (46)
An immediate consequence is that any DF satisfying the collisionsless Boltzmann equa-
tion whose support lies in the closure I'py,4 Of T'pouna can be represented by a suitable
function depending only on the variables (Ql, Q2, Q3, Jo, J1, J2, J3), provided they
are globally well-defined on I'poyna-

The generalized angle variables O can be formally defined as

as
Qa(-xs P): W (yx;-l()(-xv p)vjl(-x$ p)sJZ(xs p)1J3(xa p))$ (-x» P) erbound,
(47)

' 1n our case, this integral is equal to —E(tp — t1) with E = — p; the conserved energy and #{ and #; the
times at the endpoints of the curve y. One possibility of getting rid of the dependency of the end points is
to restrict y( to be an integral curve of the complete lift of the Killing vector field d; and divide the resulting
integral by the time interval (fp — #1), where ¢ is interpreted as the time-parameter along this integral curve.
Up to a sign, this corresponds to the choice made in previous work [30,35,36].
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where the generating function S is given by

S(yxa107 ]17]2713) ::/®’ (IO’ 117]27]3) EH(Q) (4’8)
Vx

Here, the line integral is performed along a curve y, which s confined to the set F,(;xé) L.L

with I(m, E, L,, L) = (ly, I1, I», I3) and connects a given reference point (xp, po) on
this set to a point in the intersection between I ,(nexé) 1..,, and the fibre over x € M. We
choose the reference point (xg, pog) as the one paraﬁnetrized by (t, p;) = (t1, —E),
(@, pp) = (p1, L), B, py) = (D1, L* = K@) and (r, py) = (r1, pra(r1) =
pr—(r1)), where the functions p,+(r) are defined in Eq. (37). Here, ¥; and r; refer
to the left turning points in the (9, py) and (r, p,)-planes, respectively, and the values of
11 and ¢ will be determined shortly. We close this subsection by remarking that the gen-
erating function S and Q%-variables are multi-valued, since S depends on the winding
of the curve y, around the torus 7. Nevertheless, as we show below, the Q%-variables
are globally well-defined on 'y, With 0!, QZ, Q3 being 2 -periodic.

3.2. Generalized action variables and local invertibility. Next, we provide an explicit
integral representation for the generalized action variables J, and ask whether they
provide “good" labels for the invariant sets. In order to do so, we start with the quantities
I, in Egs. (43,44) which define the action variables. Using the fact that ® = p,dt +
Ppde + prdr + pydv and Egs. (25,37) we conclude that

[O(mvEs LZsL) :m, (49)
Iiim,E,L;,L)=L,, (50)

Ly
1 1
L(m,E,L, L) = 7 7{ podd = ;/\/U — K(®)dv, (51)

_ 1 «/R(r
Lim,E,L,,L)= E% / A(r) r, (52)

where here and in the following 1 < ¥ and r; < r, refer to the turning points.
Similarly, the generating function (48) yields

SWxs lo, 11, b, I3) = —E(t—t1)+Lz(w—<p1)+/prdr+/pzsdz9, (53)

Yr Yo

where the last two integrals should be interpreted as line integrals. More specifically, the
first integral is a line integral along the projection y, of the curve yy onto the (r, p;)-
plane, and similarly, the second integral is a line integral along the projection yy of yy
onto the (I, py)-plane. For definiteness, in the following, we restrict the curve y, to
be such that its projections y, and yp are oriented clockwise. In order to simplify the
calculations, it is useful to represent p, in the form

ZMHEV — aHLZ +V

Py = — V2 =R(r), (54)
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where R(r) was defined in Eq. (28). Then, Eq. (53) can be rewritten as

dr
S(yx; lo, I, I, I3) = —Etpy + L gL +/ VK + / pod?, (55)
Yr Yo

with V2 = R(r) and p3 = L? — K (9) and where

A

turn out to be the Boyer-Lindquist time and azimuthal coordinates. In deriving these
equations, we have adjusted the free constants 7; and ¢ determining the reference point
(x0, po) such as to absorb a rj-dependent constant. In subsection 3.5 the line integrals
in Egs. (51,52,55) will be represented more explicitly in terms of Legendre’s elliptic
integrals.

Before we proceed with the computation of the variables Q" we need the following
result.

r rdr r dr
tpp =t —2My | —, @BL:=¢ —ay N (56)

Lemma . The map I : Q — R* C (lo, I, I, I3)(C), is locally invertible in a
vicinity of each point C = (m, E, L;, L) € Q.

Proof. According to the inverse function theorem, it is sufficient to show that the lin-
earization DI(C) of the map [ is invertible at each C € Q. The associated Jacobi matrix
has the form

1 0 0 O
001 0 3,
= s 1 =, 57
Iy Iy Iny I3 P Py o
Iy I3y I3z I3
and its determinant is
dlr o1 a1, 01
detM = I3l3) — Iy l33 = == o> — S22 503 (58)

AL O0E  9E oL’
Using the expressions (D3,D5,D7,D9) from appendix D and taking into account that
I = Sy (¥1)/m and Iz = S, (r) /7, one finds
ry 92
L 2 2 7
detM = = [Ap E +2Myur(-E — aHLZ)]
b4
ry

dv dr
VLT —K@®) ARG
(59)

where we recall that f,z = L, —agE. Since on ['ppyng one has E > 0 and atHiZ +
VAmM2r? + L2) = r*W,(r) < r?E, such that >E — ay L. > 0, if follows that det M
is positive. O

Remark 6. Denoting by 2; := [(€2) the image of I, the question regarding the global in-
vertibility of the map I : 2 — 7 is, of course, a difficult question. In the Schwarzschild
limit ag = 0, the integral /> can be computed explicitly and yields I,(C) = L — |L,|,
which does not depend on E. It is then sufficient to show that for fixed values of
(m,L,, L) themap E +— I3(m, E, L_, L) is invertible which is the case since d13/0E
is positive. However, in the Kerr case, /> is not independent of E, and hence one needs
to show that for fixed (m, L;) the map (E, L) > (l2, I3)(m, E, L, L) is invertible. We
will not pursue this question further in this work.
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3.3. Completeness of the generators and global coordinates on the invariant submani-
folds. 1In this subsection we show:

Lemma 6. Let (m, E, L;, L) € Q. Then, the Hamiltonian vector fields X, = XF,
associated with the integrals of motion F,, defined in Eq. (15) are complete on Flgfxbi) L.l

Proof. Recall that the fields X, are tangent to Ffrfxé) LL= R x T3 and that — X, and
X5 correspond to the complete lifts of the Killing vector fields, which are complete in
the exterior region. By introducing angles x and ¢ on the S'-factors corresponding to

the radial and polar motions and transporting them along the flows of —X; and X; one

obtains a global coordinates system (¢, ¢, x, ¢) on F,(: xé) 1. » such that

a a

X = ——, Xy = —, 60
1 o 2 o0 (60)
and X and X3 have the form
0 0 0 ad
Xo = Ads D) + Yy Yo = YO0, ) 4+ YX (1, $)— + Y2 (s ) — |
o alx ¢)3l‘ o o a(X ¢)3(p a(X ¢)8X a(X ¢)3¢
a=0,3, 61)

with components A, and Yy vL, Y(ff’ which are independent of (¢, ¢). The vector fields
Y, are tangent to the compact manifold 73, and hence they are complete. Together with
the boundedness of Ay, this implies that X, are also complete. O

For what follows, it turns out to be useful to provide explicit definitions for the
angles x and ¢. Of course, there are many possibilities for introducing such angles. Our
choice has the advantage of allowing one to write the variables O explicitly in terms
of Legendre’s elliptic integrals. We start with the definition of the angle x which has
period  and parametrizes the invariant curve in the (7, p,)-plane according to

RS L (62)
r=r ,
T p2sin? 4
Mpmb? V1—Kk2sin® x .
V= r—r) Y X Gny), 63
O e S0 (63)

where here r3 < r4 < r; < rp denote the roots of the polynomial R(r) defined in
Eq. (28) (with r; < r; the turning points, as before), p, is obtained from V according
to Eq. (54), and

b rz—rl’ e r4—r3b’ C o \/2MH(}’1+}’2+}’3+I‘4). (64)
Vro—ry Vri—r3 (r1 —r3)(r2 —ra)
It follows from Egs. (62,63) that
dr C dy
VT Mpm V1= K2sin y

The invariant curve in the (9, py)-plane is parametrized in terms of the 2w -periodic
angle ¢, such that

(65)

cos 1 = —cos ¥ sin¢, (66)
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L2 — 12
Py = r /i- k% sin? ¢ cos ¢, (67)
sin ¥
where here ¢ denotes the left turning point of the polar motion and k; := ¢ /¢, denotes
the ratio between the two positive roots of the polynomial ¢ (¢) defined in Eq. (D11). It
follows from Egs. (66,67) that

dy  cos? d¢
po \/Lz—ig\/l—k%sin2¢
The coordinates (z") := (¢, ¢, x, ¢) provide global coordinates on each invariant sub-
manifold Iy, with (m, E, L, L) € <.
For completeness, we compute the components of the generators — X and X3 of the

Liouville and Carter flows with respect to these coordinates. Using dz*(Xy) = {Fy, 2}
and the fact that {Fyy, Fg} = 0 one finds

(68)

0F, 0z*

dZ'u(Xa) = 3p axv~
v

azt
Py {Fo,x"} = (69)

Taking into account Egs. (65,68) a straightforward calculation yields

il L d
,02X0=—[2MHr(pr+E)+p2E]——(aHpr+ - ; )—
d sin“ ¥ / d¢

M s YL
_HM ) k2 sin? = ,/1—k2sm ¢— (70)
C ox cos ¥

02 X3 = 2ClH[ 2ap cos> 9 Myr(pr + E) + p°L ]

ot

2

0

+2 [—a?{cos (pr+E)+ —— ! (L +ay cos z?E):| "
sin?

M d \/
—Z—Smaé cos? /1 — k2 sinzxa o ,/ — ki sin? qb
(71)

where here r, ¢ and p, are functions of (x, ¢), which are determined by the relations
in Egs. (62,63,54,60).

In the next subsection, a coordinate transformation (¢, ¢, x, ¢) — (Q°, Q', 0%, 03)
is introduced which brings the vector fields Xy and X3 in simpler form. Before we
proceed, we note the following consequence of Lemma 6 which will turn out to be useful
later. Denote by (péa the flows associated with X, and define for each (AO, LAz, A3) €
R* the map

0 1 2 3
(p)‘ ;:q)é‘ o(piL og{)éL O(pgL . (72)

Since the vector fields X, are complete, this map is well-defined for all A € R* and it
satisfies ¢¥ = id and p*** = @ o A* for all A, u € R*, due to the fact that the vector
fields X, commute with each other. Therefore, the maps ¢* define an action of the group

(R*, +) on Tpouna. Restricting to a particular invariant submanifold F(exé) L., one has:
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Lemma 7. Let (m, E, L,, L) € Q and consider the restriction of the map ¢* defined in
Eq. (72) on Fr(,fxEt)LL Denote by

Higo = {1 € R : 9" (x, p) = (x, p) forall (x. p) e Ty, |

the isotropy subgroup. Then, ¢* provides a diffeomorphism of R* | Hy, onto F’(Tixé) IE
Proof. Let us abbreviate I" O .—r ,(;xb{) L.L and let (xg, po) € T ©) pe fixed. Consider
the map

G:R*>TO X GO = ¢ (x0, po). (73)

Its linearization DG (X) maps the vector fields e, of the standard basis of R? to the
vectors Xo|yi (v, po)» Which are linearly independent, and hence G is a local diffeomor-
phism. Consequently, the image of G is both open and closed in I'¥), which implies
that G(R*) = I'®. Hence, when restricted to the quotient R4/ Hjso, G provides a
diffeomorphism of R*/Hj, to I'?. O

Remark 7. Since F,(:Xé) r..p =Rx T3, the isotropy subgroup H,, is a lattice group gen-

erated by three linearly independent vectors Ey, Ey, Ey € R*. They will be computed
explicitly in subsection 3.5 below.

3.4. The generalized angle variables. In this subsection we analyze the properties of
the Q% variables which are formally defined by Eq. (47). We first prove that they are
locally well-defined and that (J,, Q%) are local symplectic coordinates.

Lemma 8. For each (x, p) € Upouna there exists an open neighborhood U of (x, p)
in Upouna on which the variables Q% are well-defined and smooth and the coordinates
(Jo, Q%) are symplectic.

Proof. Let (x, p) € Upouna and set (Cy) := (Py(x, p)) € Q. Choose an open neighbor-
hood Q" C Q of (Cy) on which the map I is injective and consider the corresponding
subset

/ L (ext)
Fbaund = U I‘m,E,Lz,L
(m,E,L,L;)e

of T'pouna. Next, rewrite the generating function S in Eq. (55) in the form S(yy; Iy) =
—Etpr + L;opr + Sy (vr; Iy) + Sp(vy; 1), with the generating functions S, and Sy
corresponding to the radial and polar motion, respectively, defined by

dr
S (i I = / VI Sitid) = / pod?d, (74)
Yr Yo

where we recall that V and py satisfy V2 = R(r) and pl% = L2 — K(¥). Unless (x, p)
corresponds to a turning point for the radial or polar motions, we can choose an open
neighborhood U of (x, p)in T, . on which S, and Sy are well-defined functions of
(r, 1) and (9, 1), respectively. On such a neighborhood, the functions

0%(x, p) 03
X, p) = —
Pr=3n

(Vxs Ju(x. p)).  (x,p) €U, (75)

X
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are well-defined and the map (x*, p,,) — (Q¥, J,), J,, := 1, (P(x, p)), is smooth and
symplectic since

3S 3%s 3%S
Qs =dpy Ndxt =d| — | Adxt = dJy Ndx" + dx” A dx*
oxH 0xHaly, dxHaxV
N
=dJyAd|— )| =dJ, ANdQ". (76)
a1,

If the point (x, p) corresponds to a turning point of the polar motion, say, we use py
instead of ¥ to parametrize the curve y» which leads to an alternative generating function
Sy (pw, Io). Specifically, we rewrite

Sy (yo; Ia) = po?9 + Sy(py, Iy), Sé(m,la)=—/ vdpy,

Ypy

and notice that for points away from the turning point

Ay |y dpy ) 0ly  0dly aly

)

such that Q% can be obtained by the same equation (75) replacing Sy with S in the
generating function. Again, the transformation (x*, p,,) — (Q", J,,) is symplectic. A
similar procedure is used if (x, p) is a turning point of the radial motion. O

Although they are locally well-defined, the variables Q% are not globally uniquely
definedonT’ _,, ,.due to their dependency on the winding of the curve y, connecting the
reference point (xg, po) to the end point (x, p). If v, and y; are two curves connecting
(x0, po) and (x, p), one has, according to Egs. (43,48):

3

Sy Ia) = Sy L) + 27 Y _nl 1}, (77)
j=1

with n = (nl, n?,n3 ) € 73 the difference in the winding numbers between the two
curves. As a consequence, the corresponding Q%-variables are related to each other by

(0% (x, p) = Q%(x, p) + 278 jn’, (78)

that is, the variables Qj with j = 1, 2, 3 are 2 -periodic, whereas QO is independent
of the winding. We conclude this subsection by proving that (taking into account the

periodicity of the angle variables Q) the Q¢ variables provide global coordinates on

1-\(ext)

each invariant set m.E,L..L"

Lemma. Let (m,E,L.,L) € 2 Then, Q : T&'Y, | — Rx T3 (x,p)
(0%x, p), O(x, p), Q%(x, p), Q3 (x, p)) is a diffeomorphism.

Proof. Denote by Z, := X, the Hamiltonian vector fields associated with J,. Due to
the fact that (J,, Q%) are symplectic coordinates, they satisfy

Zo[0P1= (U, 0P} = 6P, (79)
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Furthermore, it follows from J, = I,(m, E, L, L) and Fy = m?/2 Fy = E, F, = L,
Fy=L*onT\"Y, | (see Eq.(16)) that

Q(, Zo) = dJy = NoPdFg = N/, Xp), (80)

with N := MoD~!, where M is the matrix defined in Eq. (57) which is invertible as has
been shown in the proof of Lemma 5, and D = diag(m, 1, 1, 2L). It follows from Eq. (80)
that Z, = N,A X g and as a consequence of Lemma 6 and the fact that N is constant on

each Fr(;fé),Lz’L, these fields Z, are complete and satisfy [Zy, Zg] = {Ju, Jg} = 0. Next,

denote by ¥2” the flow associated with Z,, and define foreach A = (1%, 4!, 22, 1%) e R*
the map

0 1 2 3
Y=yl oyt oyl oyl (81)
in analogy with Eq. (72). Denote by (xo, po) the reference point of F,(:xbf) r..1> and

introduce the map!?
G R r;ff‘gsz,L, A GO = ¥ (x0, po)- (83)

As in the proof of Lemma 7 it follows that G’ defines a diffeomorphism of R*/ H 750 ONLO

F,(;xg) L..L° where H; , denotes the isotropy subgroup of ¥*. We claim that this map is

the inverse of Q. To prove this, it is sufficient to observe that Q" (xg, pg) = 0 and
a /
57 270 = 2510 g5y = 8%,

which implies that Q%(G’(%)) = A% for all » € R* and that H;,={+=(0mn):ne

273, O
Lemmas 5, 8 and 9 imply:

Theorem 1. Let Q' C Q be an open subset of Q@ on which the map 1 is injective and
consider the corresponding subset

- (ext)
FZaund T U I‘nf,XE,Lz,L (84)
(m,E,L,L;)e’

of Ubounda- Then, the map ® : T}~ — R x T3 x I(Q) defined by
o(x, p) i = (Q°(x. p). Q' (x. p). Q% (x. p). Q. p). Jo(x. ),
Ji(x, p), Ja(x, p), J3(x, ), (%, P) € Dhpunas (85)
is a diffeomorphism which satisfies Qs = dJy A d Q%.
12 Note that this map is related to the corresponding map G defined in Eq. (73) through

G'()=GWNTr, reR* (82)
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As mentioned previously, it is not a priori clear whether or not the map I defined in
Lemma 5 is globally invertible, such that it is a priori not clear either whether or not
the map @ can be extended to all I'yy,,q. To bypass this problem, one can work with
the variables (Q%, P,) instead of (Q%, J,) which are globally well-defined on T'po,4
as follows from Lemma 9. These variables are not symplectic anymore; however the
symplectic form €2; still has a simple representation.

Theorem 2. The map ¥V : Tpoung — R x T3 x Q defined by

W(x, p): = (0%, p), 0'(x, p), O*(x, p), Q*(x, p), Po(x, p),
Pi(x, p), P2(x, p), P3(x, p)), (x,P) € Ubound, (86)

is a diffeomorphism which satisfies Q5 = MyPd Pg A dQ%, with M the Jacobi matrix
defined in Eq. (57).

Proof. The fact that W defines a diffeomorphism follows from Lemmas 8 and 9. To

prove the validity of the claimed expression for the symplectic form, we take a subset

[} una O0 Which the previous theorem applies and note that
dJy =M,PdPpg,

which implies that Q; = M,?d PgAdQ%onTy .. Since M, ” only depends on the

constants of motion Cy and I'pyy,q can be covered by sets of the form F,’boun 4 as in the

previous theorem, the claim follows. O

3.5. Explicit expressions for the generalized action-angle variables in terms of Legen-
dre’s elliptic integrals. As mentioned above, the variables J, and Q% can be computed
explicitly. We provide more details of the calculations in appendix D; the explicit repre-
sentation is based on the roots of the polynomial R(r) defined in Eq. (28), those of the
polynomial ¢ (¢) in Eq. (D11) and the angles x and ¢ defined through Eqs. (62,63,66,67).
In terms of the functions G*(¢) and H*(x) defined in Egs. (D16-D19,D23-D26) and
the abbreviations G* := G“(x/2) and H* := H*(;r/2), the action variables can be
written as

Jo =m, (87)

Ji =L, (88)
1

J = — [MHmGO + M[-[Gl +LZ(G2 +LG3:| , (39)
T
1 0 1 2 3

J3=—[MHmH + MyH +LZH +LH]7 (90)
T

where it is understood that (m, E, L;, L) = (Cy) = (Py(x, p)). The angle variables
Q¢ defined in Eq. (47) can be computed by applying the chain rule:

39S 39S 0Py
3y, Pg Ay

~ ~ N
o _ —T\a B B ._
o =M")"p0", 0" := op; oD

with M the Jacobi matrix of the map I : 2 — R*and M7 := M YT its inverse
transposed. The partial derivatives of the generating function S with respect to Pg give

~ as
0" = == = My [C°@) +H(0). 92)
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~ aS
0'= == = —th+ My [6' @+ (0], 93)
- MY
0% = T =¥BL + G (¢) + H (%), (94)
~ Y
0 = o= G () + H(x), (95)

and it can be verified that these quantities satisfy X, [Qﬂ] = Ofora # Band XO[QO] =

m, X1[0'] = 1, X»2[0?] = 1, X3[0°] = 2L, with X, the Hamiltonian vector field
associated with F,. Hence, Qo/m, 0!, 0% and Q3 /(2L) are transported along the
Hamiltonian flows associated with X, which implies that they are locally well-defined
and multi-valued functions on each invariant set F,Sfxg L..L- However, they do not have
the correct period: under full revolutions ¢ +— ¢ +2m, x +> x + 7w, and ¢ — ¢ +
27 about the S! factors, these variables change according to Q“ — Q"‘ + EY, with
Ey, Ey, Ey/(2L) € R* the generators of the isotropy group Hjy, (see the remark
below Lemma 7), given by E, = (0,0, 27, 0), E, = 2(MyH°, MyH', H?, H3), and
Ey = 2(MHG0, MHGI, GZ, G3)
The matrix M and its inverse transposed read

T 0 00 1?0 Myn°
1 0 0 a 0 _r Oa)l 1 MHr;l
M_; MuG® MyG' G G? |~ M= 0w? 0 Myn? |’ 96)
MyH® MyH' H? H? 0w 0Myn?
with
0 G'H? - G’H° 1 GH*-G*H? , =« H3
W =—— 0, W == W = =,
G'H3 — G3H! My G'H3 — G3H! My G'H3 — G3H!
3
3 b G‘
—_—— 97
T T My G - GO e
and
o_ GH -¢w®' |, 1GH-GH , =& H!
TETew—oH T T My G -GH | T My GUR - GHU
3 bid G!
n (98)

T My G —GIH!

Note that according to the proof of Lemma 5 one has 0 < det(M) = —My (G'H> —
G3*H! )/ 72, such that these quantities are well-defined. Furthermore, note that M ™ T E, =
27(0,1,0,0), M TEy = 27(0,0,1,0) and M~ T E, = 27(0, 0,0, 1), such that the
variables Q', 02 and Q> have the correct period, as is expected from their definition.
Explicitly, one finds Q% = ¢“ — %t with

0 _
q =My { GIHB — G3H!

GlH3 — G3mH!

H'G®(¢) +H’G(¢) +H'G (¢)  G'H®(x) + G’ H" (%) + G'H' () }

99)
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H'G® () +H*G* (9) + H'G'*(¢)  G'HP(x) +G*H’! (x) + GC'H" ()

7= G — G3H! G — G3H Bl
(100)
»_ _BG'(9) -H'G @) -H(x)
T =7 GHD — GOl
(101)
113 3 3ml 13
S = 2 SE0 —CH (0 +6 ) 10)

GlH3 — G3mH!

where we have introduced the functions G*# (¢) := G*G* (¢)—GPG¥(¢p) and HYP (x) :=
HYHPA (x) — HPH®(x) which are invariant with respect to the transformations ¢ +—
¢ +m/2and x — x +m/2. Like (Q', 02, 0%), the variables (¢', g2, ¢°) are angle
coordinates associated with the azimuthal, polar and radial motion, respectively, and !,
w?* and > are the corresponding frequencies (called the fundamental frequencies [35])
describing their changes with respect to the Boyer-Lindquist time coordinate 757 .'3 Fi-
nally, note that ¢°, > and ¢ only depend on the integrals of motion P, and the angles
x and ¢, while ¢! depends, in addition, on the azimuthal angle g .

In the limit ,82 — 1 of equatorial orbits, it follows that GY =0, G! = —aG?
and G> = —BG? which implies that J, = 0 and G*?(¢) = 0, such that the above
expressions for ¢°, ¢! and ¢° simplify and become independent of ¢.

In the non-rotating limit ay = 0 it follows that G = G' = H?> = 0 and
G2 (¢p) = —BI(p,1 — B2,0), G*(¢) = ¢ + /2 and the expressions in Eq. (97)
simplify considerably:

{2 1w 3 w1
w0 =——, to =0’ =————, W=, (103)
H My H My H

the + sign corresponding to the sign of L. The fact that w' and w? are equal in magnitude
reflects the fact that the motion is confined to a plane. Further, one finds J, = L — |L;|
and

H (%) 1 . H(x)
¢" = —My—t=. q'=——CP @) +sign(B)—" +sL.
H (%) H' (%)
ZZTIX+¢+JT/2, q3=nT1X. (104)

Before closing this section, for completeness, we provide the explicit expressions
for the Hamiltonian vector fields X, in terms of the generalized action-angle variables
(Py, O%). Using Theorem 2, the definition (42) and the relation (Cy) = (m, E, L., L) =
(Py(x, p)) one finds

a a a
X = X> X3 =2MyPin*——. (105)

Xo="Fo 90" ~ ool 80"

a
aQ0’

13 A coordinate-independent definition of these quantities is provided by noting that ®* = X{[Q%] with
X the Hamiltonian vector field associated with the integral of motion Fy, which corresponds to minus the
complete lift of the Killing vector field o, see the remark below Corollary 1.
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4. Mixing and Strong Jeans Theorem

In this section we apply the results from the previous section to analyze the late time
dynamics of the solutions f of the Liouville equation (2), assuming that f is supported
in Tpouna, the subset of relativistic phase space consisting of bound timelike geodesic
orbits in the Kerr exterior. According to the results from the previous section, the set
Tpouna is diffeomorphic to R x 73 x  and in terms of the coordinates (Q%, P,) the
Liouville vector field is simply —PO%, which implies that f is a function depending
only of the angle variables Q'!, 0%, Q3 and the integrals of motion P,.

For what follows, we consider a kinetic gas consisting of identical massive particles
of fixed rest mass m > 0. We introduce a foliation S7 of the Kerr exterior by three-

dimensional hypersurfaces of constant Boyer-Lindquist time 37 = T and the associated
six-dimensional subsets

%7 = {(x, ) € Thound : X € S1, 8:(p, p) = —m?} (106)

of T'pouna. Owing to the fact that the Kerr exterior is stationary, the flow of the Killing
vector field 9, provides an isometry between the different sets S7. Likewise, the flow ¢’
associated with the complete lift of d; provides a symplectic diffeomorphism between
the different sets X7, such that each of these sets can be naturally identified with X,
say.

In the next subsection we show how to reduce the considerations of the previous
section to Xy, and we reformulate the Liouville equation (2) as a Cauchy problem on
Y. Next, in subsection 4.3 we discuss the strong Jeans theorem and in subsection 4.4
we formulate sufficient conditions for phase space mixing to hold.

4.1. Reduction to six-dimensional phase space and Cauchy problem. We denote by Q
the set of 3-tuples (E, L, L) for which (m, E, L, L) € Q. Each X is foliated by the
sets

Cer.1:={(x,p) eZr:Fix,p)=E, Fx, p)=L,, F3(x, p) = L?},
(E,L;, L) €, (107)

which are topologically equal to 73, and it follows from the results of the previous
section that the variables (P, q) := (P;,¢q%), a = 1,2,3, on X7 are adapted to this
foliation, where on each set f‘E L,.L» (P1, P2, P3) is constant equal to (E, L,, L) and
the quantities ¢', g2, ¢> defined by Eqgs. (100,101,102) are angles When restricted to
27 the map W from Theorem 2 induces a diffeomorphism \IJT Sy —> T3 x Q which
is explicitly given by

Ur(x, p) = (Q'(x, p), Q*(x, p), Q*(x, p), Pi(x, p), Pa(x, p), P3(x, p)),
(x,p) e Zr, (108)

with Q¢ = ¢ — Tw", a = 1,2, 3. In terms of adapted local coordinates (x*, p,) such
that x* = T the symplectic form €, and volume form nr induce the forms

Q, = dp; Adx' =M d P, A dg®, (109)
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and

i =dx' Adx* Adx® Adpy Adpy A dps
= detWMDdq' Adg* Adg> NdPi AdPy AdPs, (110)

on X7 respectively, where M = (M,”) denotes the matrix consisting of the spatial
components of the Jacobi matrix defined in Eq. (57). Note that both €2, and 1 are invariant
with respect to the complete lift of the Killing vector field 9;. For the following, we define
[=73xQ.

Now consider a solution f of the Liouville equation (2) with initial datum fy sup-
ported on the closure of the set ¥¢. By means of the flow ¢ associated with the complete
lift — X of the Killing vector field d;, we can describe the time evolution of the DF as
amap fo — f; on L'(Zo, ), where

fitx.p) = f@(x,p)., teR, (x,p) € . (111)
On the other hand, it follows from Xo[f] = 0, %ft = —X1[f] and Eq. (105) that
fitx, p) = [U®OF1(¥o(x, p)).  teR, (x,p)e o, (112)

with F 1= fpo \flo_ ! the action-angle representation of the initial datum and where the
operator U () is defined by

U@)F)(q,P) = F(q—tew(P), P), teR, (q.P)el, (113)

with @ := (o', 02, @) the frequencies defined in Eq. (97). Likewise, we define 5 :=
(', n?, n®) with n? given in Eq. (98).

For the following, we discuss several properties of the flow map (113) on the function
spaces Lp(f‘, 1) with measure = det(M)d3qd3P and 1 < p < oo.Unless when stated
explicitly otherwise, we shall only employ the following properties:

(i) The maps @, : 2 — R3 are C!.
(ii)) ThemapM : Q@ — Mat(3 x 3, R) is continuous and M(P) is invertible for all P € Q.

Of course, these conditions are satisfied in our model describing bound Kerr geodesics in
the exterior spacetime. In fact, it follows from the explicit representations in Egs. (97,98)
which allow one to express @,  in terms of analytic functions of the simple roots of the
polynomials R(r) and g (&) (see Egs. (28,D11)), that these quantities are analytic in P.
However, the results in the following subsections can be generalized to any model of
the same form as (113) for which [" has the form I' = 79 x € withd € N and  an
open subset of some R? and for which the conditions (i) and (ii) with the dimension 3
replaced with d are satisfied.

4.2. Well-posedness of the Cauchy problem and resonant frequencies. Once it has been
brought into the form (113), the well-posedness of the Cauchy problem for the Liouville
equation (2) follows from the following standard result whose proof is included for the
sake of completeness of the presentation.

Lemma 10. The map U (t) defined by Eq. (113) gives rise to a strongly continuous
unitary group on LP (T, n).
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Proof. The group properties U(0) =idand U(t) o U(s) = U(t +s) forall ¢, s € R are
obvious. Next, for F € LP(I', ) and ¢ € R it follows that

f|[U(r>F1(q, P)V’ﬁ:/f|F(q—tw(P>,P)|"d3qdet(M>d3P =f|F(q,P)|'“,
I T3 r

Q

and hence, U(¢t) : L? (f‘, n) — Lp(f‘, 1) is a well-defined linear map which preserves
the norm. Since U (1)~! = U(—1) it follows that it is unitary. Finally, to show strong
continuity, first take F to lie in the space Co(f) of continuous functions with compact
support. Then, U (t) F — F ast — 0 follows from Lebesgue’s dominated convergence
theorem. By the density of Co(I") in LP(I", /) the same property holds for arbitrary
F e LP(T, ). O

Remark 8. 1t follows from Eq. (105) that the DF is axisymmetric if and only if F is
independent of ¢'. Furthermore, it is stationary if and only if F is invariant with respect
to the flow of aga .Finally, F is invariant under the Carter flow if and only if is invariant
with respect to the flow associated with n“ 320 .
last two symmetry requirements have rather strong implications.

In the next subsection we show that the

For what follows, we consider the two continuous maps A, B : $ — Mat(3 x 3, R)
defined by

dw* A1

P, ° ‘

A —1
= M )L, 114
BPC( )e (114)

A% .

where we recall that w® and %, a = 1, 2, 3, refer to the quantities defined in Egs. (97,98)
and M = (Mab ) denotes the spatial components of the Jacobi matrix in Eq. (57).

Lemma 11. A and B map Q smoothly on the space of symmetric matrices, i.e. A*? = AP®
and B* = Bb.

Proof. Let ' C Q be an open subset on which the restriction of the map I defined in
Lemma 5 on €2 is injective. On this set we have (see Eq. (96))

. OE Mo oL (115)
w = —_—, = —,
ol, 1=,
such that
do - do®  I’E
A = 2 p = 2 , (116)
dP. al, 31,01
Likewise,
an® 3’L
Bt =Lyt S (117)
alp 91,01
which implies the statement of the lemma. O

The determinants of the maps A and B will play a fundamental role in the following
two subsections. More precisely, we shall consider the following conditions:
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Definition 1. We shall say that a measurable subset C in Q satisfies the A-nondegeneracy
condition if

{det(A) = 01N C (118)

has zero Lebesgue-measure in R, Likewise, we say C satisfies the B-nondegeneracy
condition if Eq. (118) with A replaced by B holds.

Remark 9. Clearly, if C C  satisfies the A-nondegeneracy condition, so does any
measurable subset of C.

Remark 10. For the Kerr problem which is the main focus of this article, the functions
det(A), det(B) : Q — Rarereal analytic functions, as already noted before. In this case,
the following proposition implies that either det(A) is identically zero or otherwise the
A-nondegeneracy condition is satisfied on the whole set Q. As we will prove in the next
section, det(A) and det(B) cannot be identically zero when ay # 0, and hence it follows
that both the A and B-nondegeneracy conditions are satisfied on <2 in the rotating Kerr
case.

Proposition 4. Ler U C RY be an open connected subset of R? and let F : U — R be
real analytic. Then, either F is identically zero, or the set {x € U : F(x) = 0} has zero
Lebesgue-measure in RY.

Proof. See, for instance, Ref. [45]. O
For the next result we formulate the following well-known definition and result.

Definition 2. A three-tuple of frequencies w € R is called resonant if there exists
k € Z3\ {0} such that k - w = 0. Otherwise, w is called non-resonant.

Lemma 12. Suppose Cc satisfies the A-nondegeneracy condition. Then, the fre-
quencies o(P) are non-resonant for almost all P € C.

Proof. Since this result is well-known (cf. [44]) we only sketch the proof. First, it is
not difficult to verify that the set M of resonant three-tuples w is a zero measure set in
R3. Next, we denote by ' the restriction of @ on ¢ :=C \ {det(A) = 0}. Because c
satisfies the A-nondegeneracy condition, the statement of the lemma follows if we can
show that the inverse image of M, (@) ~'(M) C C’, is also a zero-measure set in R3.

To show this, we use the inverse function theorem and cover the set ¢’ with acountable

number of open sets U, on which &' is a local diffeomorphism. Since each set
@) M) N Uy

has zero measure and

@) M) c @) ' M N U,

the lemma follows. O
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4.3. Strong Jeans theorem. The strong Jeans theorem [46,47] states that a stationary
solution of the Liouville equation depends only on the constants of motion E, L and L,.
A priori, this statement appears to be surprising since a function F depending on the
combination w3g? — w?q?, say, is independent of time. However, the requirement for
F to be 27 -periodic in ¢* and ¢> implies that there cannot be a nontrivial dependency
on any of such combinations, if the A-nondegeneracy condition holds. This is shown in
the next theorem.

Definition 3. Let F € L?(I", ) with p > 1. We denote by
S(F):={P e Q:(q,P) € supp(F) for some q € T3} (119)

the support of F in Q. We say that F satisfies the A-nondegeneracy condition if
the set S(F) satisfies the A-nondegeneracy condition. Likewise, F satisfies the B-
nondegeneracy condition if S(F') satisfies the B-nondegeneracy condition.

Theorem 3. (Strong Jeans theorem) Suppose F € L' (I, 1) satisfies the A-nondegeneracy
condition, and suppose in addition that it gives rise to a stationary DF. Then F is inde-
pendent of the angle variables q', g and ¢°>.

Proof. Denote by ﬁk the Fourier coefficients of F:
; o 1 —ikq ;3 3 A
Fr(P) := W f F(q,P)e d’q, keZ’, Peq. (120)
T3

According to the assumptions, £ € L' (€2, det(M)d®> P) and supp(Fy) C S(F) for all
k € Z3. Moreover, since S(F) satisfies the A-degeneracy condition, Lemma 12 implies
that w(P) are non-resonant for almost all P € S(F'). Since

Y _ 1 _ —ik-q 43
UnFP) = W F(q—to®P),P)e d’q

T3
1 . . . A
T e / F(q,Pye ! 0®emldgdy = o ~ee® B (p), (121)
T
T3

the stationarity assumption implies that
e P F(P) = Fi(P) (122)

forall € R, k € Z* and almost all P € €. This equality is obviously satisfied for the
zero mode k = (0, 0, 0). Fork € 73 \ {(0, 0, 0)}, differentiate both sides with respect
to t and evaluate at t = 0, giving

k-oP)F(P) =0 (123)

for almost all P € €. Since k - o(P) # 0 for almost all P € S(F), this implies that

Fk(P) = 0 for almost all P € Q and thus Fk =0in L' (Q) for all k € Z3 \ {0}. Since
an L'-function is uniquely determined by its Fourier coefficients, this implies that

FaP) = oo ) = o [ Fapids, (124)

73

1 1
(2m)32 (@)}

which is independent of g. Note that the right-hand side is the angle-average of F. 0O
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In complete analogy with the previous theorem, one has the following result which
shows that invariance with respect to the Carter flow and the satisfaction of the B-
nondegeneracy condition also imply that the DF is independent of the angle variables:

Theorem 4. Suppose F € L' (I, 1) satisfies the B-nondegeneracy condition, and sup-
pose in addition that F is invariant with respect to the Carter flow. Then F is independent
of the angle variables q', ¢ and ¢°.

4.4. Phase space mixing. Phase space mixing can be interpreted as a dynamical version
of the strong Jeans theorem, and states that the macroscopic observables associated with
a (time-dependent) DF converge in time to those of the angle-averaged DF. Here, we
define a "macroscopic observable" to be a time-dependent function of the form

Ng(t) :=/ft(x’ p)g(-x’ P)ﬁ» re R’ (125)
o

with g : 39 — R a suitable test function on X¢. In view of Eq. (112) this is equivalent
to

Ny(t) = / [U() F1(q. P)G(q. P)i. (126)
r

where G := g o W, denotes the action-angle representation of g. The mixing property

consists in showing that the macroscopic observable N (¢) relaxes in time, that is, that the

limit tlim Ny () exists. The next theorem shows that under suitable regularity assump-
—00

tions on F and G this is indeed the case provided that F satisfies the A-nondegeneracy
condition.

Theorem S (Mixing). Let 1 < p < ooand 1 < q < oo be such that 1/p +1/q = 1.
Define Yoo := Cp(I"), the space of bounded continuous functions on I', and Y, =

L9(T, 1) for g < oo. Suppose F € LP (T, 1) satisfies the A-nondegeneracy condition.
Denoting by F its angle-average, then for all G € Y, one has

tl_i)rgO/[U(t)F](q, P)G(q.P)i) = /f(q, P)G(q, P)i). 127)
r

r

Proof. The proof is based on a refinement of the arguments presented in appendix A of
Ref. [29] (which only treated the case p = 1 and assumed the frequency map @ to be
C? instead of C 1) which in turn, are based on work by C. Mitchell [28].

We start with the symmetric case p = ¢ = 2. Hence, let F, G € LI, 7) and
consider their Fourier coefficients Fi, G, see Eq. (120). Using the Cauchy-Schwarz
inequality it follows that Fi, Gy € L%(Q2, det(M)d3 P) and according to Parseval’s
identity,

S IE®PR = [1F@Pide Y 16@P = [ (6@ PP, 12s)

keZ3 73 keZ? 73
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for almost all P € fZ, which implies that for each k € 73 the function hy := I:“k éz :
Q- C belongs to L! (Q, det(M)d3P) and satisfies

D il g geqna py < W25 1G 20 (129)
keZ3

Using Parseval’s identity again and the expression in Eq. (121) for the Fourier coefficients
of U(t) F one obtains

lim f [U(t)F1(q.P)G(q. P)ij = Y lim / hi(P)e %@ ®) det(M)d3 P, (130)
11— o0 X Z3 11— o0
P € Q

where we have used the fact that the series converges absolutely to interchange the limit
with the sum. Lemma 13 below, combined with the observation that the sets supp(hy) C

supp(ﬁk) C S(F) satisfy the A-nondegeneracy condition, implies that for each k # 0
the integrand on the right-hand side converges to zero. Consequently,

lim (10O F1@ PGP = [ Fo®)Go(P) der¥a* P
r Q
= (2n)’ /f(q, P)G(q, P)i, (131)
r
where we have used the identity I:“O(P) = Q2n)¥ zf(q, P) in the last step. This proves
the theorem for p = g = 2.

The proof for the remaining cases uses a density argument. According to Holder’s
inequality,

(F,G) :Z/F(q, P)G(q, P)7)
r
is well-defined and satisfies |(F, G)| < |F||.r||G|lpqs for all F € LP(T, n)and G €

LI, 1n). With this notation, the statement is equivalent to proving that

lim (U@)F —F,G) =0
—0o0

forall F € L? (f‘, ) and G € Y,. Since we already know that the theorem is true for
p = 2 it holds, in particular, for any F, G € Co(f’ ). We first extend the statement to

G e Y, If F e Cyl)and G € Cyp(I") we take x € Co(I") which is invariant with
respect to U (¢) and such that x = 1 on the support of F. Then,

(UOF —F,G)={(Ut)F — F, xG) — 0 (132)

ast — oo, since xG € Co(f'). IfF e Co(f‘) and G € Lq(IA“) with 1 < g < oo we take
a sequence G, in Co(I") such that G, — G in LY(T", ) and note:

KU@MF —F,G)| < ({Ut)F —F,G —G,)|+[{U®)F

S 2FlellG = GuliLa + KU F — F, Gy,

n)l
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where in the second step we have used the unitarity of U (¢) and the estimate || F|;» <
|| F|l» which follows from Holder’s inequality. By first choosing n large, and then ¢
large, we can make the right-hand side arbitrarily small, which proves the theorem for

p>1F € Cy(l') and G € LI(I", 7). Finally, let F € LP(I", ) and let F, be a
sequence in Co(I") such that F, — F in L?(I", 7). Then, for any G € Y,,

(U@F —F,G)| < (UWD(F = F), G) + (UMD F, —f_mG)|+I<fn —F,G)|
< 2F = FalleelIGlle + (U0 Fo — Fu, G)I.

Again, by first choosing n sufficiently large and then ¢ large, the right-hand side is made
arbitrarily small, and this concludes the proof of the theorem. O

Lemma 13. (Generalized Riemann-Lebesgue lemma) Let h € L' (Q, det(l\A/I)d3 P) and
assume supp(h) satisfies the A-nondegeneracy condition. Then, for allk € 7> \ {0},

lim / h(P)e ™ @® dey(NDd> P = 0. (133)
11— 00
Q

Proof. According to the assumptions, the set
Z = supp(h) N {det A = 0}

is closed and has zero-measure. Hence, it is sufficient to prove the statement for Q
replaced by Qo := @\ Z. By density, we can approximate & by functions 4, € Co(£20)
with compact support supp(s,) C supp(h) N Q. Since w has no critical points on

supp(h;), we can cover the latter by a finite number of open sets U,, C € on which
the maps W, : U, — R3, P — w(P) are injective. Using the variable substitution
w := @(P) and recalling the definition (114) one finds

e*ll‘k~wd3w.

. . h(P
/ h(P)e 1 ke®) qet(M)d> P = f ()
P=W, ' (w)

| det(A(P))]

Um Wﬂ? (Um)
(134)

By the Riemman-Lebesgue lemma, the right hand side converges to zero as t — oo for
each k € Z3 \ {0}. O

Remark 11. We see from the proof of the previous lemma that the decay rate depends on
the smoothness of the functions P +— ﬁk (P)éZ(P) /| det(A(P))|. This in turn depends
on the smoothness properties of the functions F and G along with those of the function
P +— 1/|det(A(P))|. Therefore, the zeros of the determinant of A are expected to play
an important role for the determination of the decay rate.

Remark 12. Theorem 5 allows one to provide an alternative proof of the strong Jeans the-

orem. Indeed, if F € LP (f‘, n) satisfies the A-nondegeneracy condition and is stationary,
such that U () F = F for all t € R, then Eq. (127) implies that

/ [F(q.P) — F(q. P)] G(q. P)i = 0 (135)

r
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for all G € Y,, which implies that F' = F. In this sense the mixing theorem can be in-
terpreted as a dynamical generalization of the strong Jeans theorem. However, note that
Theorem 3 holds under weaker assumptions. Indeed, it is sufficient that almost all fre-
quencies are non-resonant (irrespectively whether or not the non-degeneracy condition
holds). For example, it holds even if the frequencies w are constant and non-resonant,
whereas this property is clearly not sufficient for phase mixing.

In the next section we provide asymptotic expressions for the maps A and B defined
in Eq. (114) in the Keplerian limit, and we prove the validity of both the A and B-
nondegeneracy conditions for bound orbits which lie sufficiently far from the black
hole, provided that ay # 0. Together with Remark 10 this implies that the A- and
B-nondegeneracy conditions holds for all bound orbits.

5. Validity of the Nondegeneracy Conditions using the Keplerian Limit

In this section we prove the validity of the A and B-nondegeneracy conditions on Q.
In principle this could be done by first expressing the frequencies @ and 5 defined in
Eqgs. (97,98) in terms of Legendre’s elliptic integrals using the expressions in Egs. (D17-
D19,D24-D26) and then differentiating the result with respect to the integrals of motion
(E, L, L). However, this would result in rather lengthy expressions for the matrix-
valued maps A and B defined in Eq. (114), and it is not immediately clear if those would
be useful to check the conditions of Definition 3.

For this reason, in this section we pursue a slightly different goal and only compute
the maps A and B in the Keplerian limit. In order to do so, we use the parametrization
of the bound orbits in terms of the quantities (8, p,e) € &, which are discussed in
appendix C. Recall that the Keplerian limit corresponds to p — oo with 8 and e kept
fixed. The main result of this section is the following:

Theorem 6. Suppose the dimensionless rotation parameter « = ap /My satisfies 0 <
o < l,andlet) < ey < e < land0 < By < B1 < 1. Then, there exists p; > 0
sufficiently large such that the set

& =1{B.p.e): o <IBl <Pi.p>pireg <e<ei} (136)

is contained in & and such that for any (B, p,e) € E° the corresponding quantity
P := (E, L,, L) satisfies

detA(P) > 0, |detB(P)| > 0. (137)

Together with the observations made in remark 10, this theorem implies the following
important result:

Corollary 2. Suppose 0 < o < 1. Then, both the A- and B-nondegeneracy conditions
are satisfied on 2.

We prove Theorem 6 in several steps. In a first step we collect a few useful formulas
that allow one to express the action variables in terms of the quantities (8, p, e¢). Next,
we show that the roots of the polynomials R(r) defined in Eq. (28) and those of the
polynomial ¢(¢) defined in Eq. (D11) are analytic in the parameter u = 1/,/p in
a vicinity of u = 0. This allows one to express all the relevant quantities in power
series of ; which converge uniformly for small enough |u|. The next step consists in
expanding the action variables Iy, I and I3 in terms of u and to show that for small
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enough © > 0 the map (u, B,e) — (11, I, I3) is invertible. In the next step one
computes the expansions of E and L and expresses the lowest-order terms as a function
of (11, I, I3). This allows one to compute the frequencies w® = d E /31, and the matrix
A% = 32E/(31,01y) (see Egs. (115,116)) in the Keplerian limit, up to the desired order
of accuracy in j, and similarly for n* = 9L /91, and B> = 9L /(31,01}). Finally, by
means of the resulting expansions for A%’ and B’ one shows that their determinants
are nonzero for small enough p > 0.

5.1. Action variables in terms of the quantities (B, p, e). In appendix C we show that
the orbits can be parametrized by the quantities (8, p, e) € &, instead of the constants
of motion (B, A, €) € D,. These quantities allow one to determine the four roots x, x>,
x3 and x4 (or, equivalently, x1, x2, wy = x3+x4 and wy = x3x4) of R(r) and (¢, A) inan
explicit manner. From this, one can also compute the roots ¢ and ¢» of the polynomial
q (¢) determining the polar motion and their ratio k1 = ¢1/¢2. From Eqgs. (D12,D13) one
finds, taking into account that §12 < ;22 and using Egs. (C6,C8,C9) the following two
expressions:

1 2

2 1 2 _
= = L Z=1e e T, (38)
at L 72 4(1—262)w>< pr p
P
4(1 — €2 1
@ = 2w . (139)

2 2
p [z 4 J72 = Dy,

For the analysis in this section, it is convenient to express the action variables /1, I, and
I3 defined in Egs. (50-52) as follows. The integral defining /> is rewritten in terms of
the angle ¢ defined in Eqs. (66,67), while the integral defining I3 is written in terms of
the new angle 6 defined by

X1 +x2 X2 — X1

._ N 4
x(0) = > + 3 sinf = [— 22

(1 +esind). (140)
Recalling that {1 = cos ¥ and using Eq. (C5) this yields

Iy = Mgm (B +ae), 12 = Mymy/1 = B*.51 K5 (e, B e, p),

= Mymvy'1 —82 ICg(oz B.e, p), (141)
with the integrals
=2 1 - k2 sin? ¢
Ka(a, B, e, p) = — / s cos2 pds. (142)
x/2 1

1P resing? — L= U=
IC3((X7 /37 e, p) = / 2 1 212 COSZQdQ.

T (1+esin0)? — 2= (1 + esing) + 1=521¢2

—1/2 P P

(143)
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Before we proceed, it is instructive to recall the Kepler case, which can formally be
obtained by taking the leading-order contribution for p — oo in the above expressions
(this limit will be performed in a rigorous manner in the following subsections). In this
case, one obtains wy = 2, wy = a2(1 — 52), e=1-(1 - 62)/(2p), A= /D,

g = m, ki = 0, such that'*

1
Iy = MuymB./p, L = Mpgm(l —|B])/P, 13=MHmﬁ|:—2_1:|.

V1 —e
(144)
It is useful to replace I, I> and I3 with the dimensionless quantities
. I . ||+ I . [+ 1+ I3
J1:= . =, 3=, (145)
Mym Mpm Mpym

such that (ji, jo, j3) = /P(B, 1, (1 —e?)71/?) and e = 1 — 1/(2j}). The fundamental
frequencies are

IE _d(me) sign(B)
= ﬁ = Sa—j = WKepler } > (146)
where we have defined
1 1 sign(B) sign(B) 1 T1—e27?
S = 0 1 1 , WKepler = —— |: :| (147)
Mum \ o o 1 Mu L p

5.2. Analytic dependency of the roots on the square root of the inverse semi-latus rectum.
The expression for u, in Eq. (C37) in the Schwarzschild limit motivates the following
ansatz for large values of p or small values of @ > 0:

_pr-4 L
*= 307 e) [1 + ﬁm] (148)

Introduced into Eq. (C35) this yields the following equation for A.:

hy —2BA(@, B, e, Wy/1+auB(a, B, e, Why —apCla, B, e, u) =0, (149)

14 The following integrals will be useful in this section:

/2 /2
1 / cos?0df 1 / cos?0df 1
T l+esing = 1—e2sin20 14,1 —e2
—/2 —/2
/2

1 cos? 0do 1 1

™ (I+esing)?  Jl—21+vi-e2
2

-7
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where we recall that u = 1/,/p, k = ay/1 — B2, and where we have set

1 1 —(1—e?)pu? ~172
Ale, B e, p) = bl phe ’
(@ B.e. 1) 1—a2M2\/(1 “a[1- ecrout] P
(150)
—1
2 2 2,,2
o1 —es )1 —«k-u?)
B e 1 . (151
o phew [+(1_4u2)[1—(1—e2)u2][1—%'<2(3+e>ﬂ21] e
1 1
C bl 9 bl :=
(Ol ,3 e /J’) 1—0{2M2 1 —%K2(3+6)/~’L2
1—-p? )
x{l+ 5 B+al —a’u?)
) ) 2 201 ,2v,,2
+M21 e’ +(1 ,3)1[3_-;;2 a“(1 e)M]}. (152)

Note that A, B and C are analytic functions of their arguments which are well-defined and
positive as longas —1 <o < 1,—1 < B8 < 1,0 <e < 1 and || < 1/2. Furthermore,
these functions are even in u and they satisfy A(w, 8,¢,0) = B(e, B,¢,0) = 1 and
C(a, B,e,0) = 1+ (1 — p>)(3+e)/2, such that b, = 28 when 1 = 0. An explicit
expression for 4., is obtained by squaring Eq. (149) and solving the resulting quadratic
equation. Taking into account that 4, = 2 for u = 0, this yields the following explicit
expression for /.:

he =ap (c + 2ﬁ2A2B) + ZﬂA\/l +a2u? (BC + B2A2B2). (153)
As a consequence of this, we can formulate:

Lemma 14. Let « € [0, 1). Then, hy, wy, wx, &1, k1, € and pui are analytic functions
of B, e and 1 as long as (B, e) € (—1,1) x (0, 1) and  is restricted to a small enough
open neighborhood of u = 0.

Proof. The statement for A, follows directly from Eq. (153) and the aforementioned
properties of the functions A, B and C. Next, using Egs. (148,C34) yields

2 1—i?p? 1
1 —4p? 1 - L@ el Laphy

W+

(154)

which implies the statement for w... Finally, the statements for wy, ¢1, {2, and (g, uA)
follow from this using Eqs. (C31), (138), (139), and (C44), respectively. |

Remark 13. To second order in & one obtains
h —2,3+loz 5+e+p2(1—¢) 4+40% + 122 2+ 0w, (155
+ = 5 nwtB4+da” +x"2+e) | u”+O0(w), (155)
which together with Eqgs. (154,C31,138,139) yields k7 = O(u*) and

wy =2 [1 —2eBu+ @G +a® = 3kHu’ =3B — kD + O(u“)] . (156)
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wy = 12 [1 —aBut G+ — 2P —aB(12 — ) + (’)(,u“)] . (157)
1
o =+/1— B2 [1 —afu — Eleﬂ +2aBu° + O(u“)] ) (158)
Combined with Eq. (C44) this also gives
1 22,3 2\2, 4 2425 6
€=1—§(1—8)M +§(1—€)M —af(l—e)"'u’ + 0, (159)

P [1 —afu+ %(3 +e? —kHu’ — %aﬂ(S +3e)u + O(;L“)] . (160)
w

5.3. Expansion of the action variables. The next step consists in expanding the action
variables /1, I> and I3 defined in Egs. (50-52) in powers of . For the following we denote
by Up the open set Uy := [(—B1, —Bo) U (Bo, B1)] x (ep, e1) with0 < Byp < B < 1
and 0 < ¢p < e; < 1 the same constants as in the hypothesis of Theorem 6. As a
consequence of Lemma 14 one has:

Lemma 15. Let o € [0, 1). Then, uly, wla, iz are analytic functions of B, e and | as
long as (B, e) € Uy and w is restricted to a small enough open neighborhood of u = 0.

Proof. The statement for [ is a direct consequence of Lemma 14 and the first identity
in Eq. (141). Next, to prove the statement for /3 we note that, again as a consequence of
Lemma 14 and the expansions (156,157), the function IC3(«, B8, ¢, p = M_Z) is analytic
in B, e and p as long as (8, e) € Up and p is restricted to a neighborhood of 1 = 0.
This observation, together with the fact that v/ 1 — ¢ = O(u) implies the statement for
I3. Finally, in order to analyze I, we use again Lemma 14 and recall that k12 = 0"
and ;“12 = (1 — B2 (1 + O()), which implies that Kz (a, B, e, p = ~2) is analytic in
B, e and p as long as (B, e) € Up and p is restricted to a vicinity of u = 0.1 Now the
statement for I, follows from these observations and the known behavior of A and ¢
from Lemma 14. a

Remark 14. Since k3 = O(u*) it follows from Eq. (142) that

Ko, B, e, n™?) = — L . o), (1el)

1+/1-2¢f

which can easily be expanded up to third order in x using Eq. (158). Likewise, it follows
from Eq. (143) that

Kie, B,e, u™2) = 1+v1—e2u?(1+2aBu) + (’)(pf‘)] ., (162)

=l
1+4/1—¢2
where we have used footnote 14 to perform this calculation.

15 Note that it is at this point that we need to exclude 8 = 0 from our analysis, since in this case {; = 1 in
the limit u = 0 (see Eq. (158)) such that the denominator in the integrand of Eq. (142) becomes zero when
0 = +m/2.
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From the above, one finds for the variables (ji, j2, j3) defined in Eq. (145) the
following expansions:

a=£ {1+5(1 i3+ — O

w B 2

_2 [1 —e2+(5+3e2)ﬂ2] 12+ 0t (163)

28 ’

2= i [1 + %(3 +eH —afB e’ + O(u“)} : (164)
A, 3 —\ 2
j3——m;|:1+§ 1—€2<2— 1—€2>,l,L

—aB1—e? (2 +V1= eZ) e O(u“)] . (165)

Lemma 16. Let o € [0, 1). Then, for (t1 > 0 sufficiently small, the map Jy : (0, t1) X
Uo — R3, (u, B, e) = (ji, jo. j3) is injective.

Proof. The idea is to write the map J in the form Jy = Jkepier © Lo With Tkepler
the Kepler map defined by Eqs. (144,145) and to prove that both Jkpier and L, are
injective when 1 > 0 is small enough.

The Kepler map Jgeprer : D1 — D is defined by

B
1
Tepleru. pre):= | 1| (w.p.e) € Dy (166)
1

with domain D := (0, 00) x (—1, 1) x (0, 1) and image

D; :={(j1, jo. j3) € R 1 jo > 0, j1l < jo < ja}. (167)

Clearly it is invertible; its inverse is given by

Tkepter U1s J2s J3) = |, G2 j3) € Do (168)

Since I and I3 are positive it follows that the image of J, lies in D; (see Eq. (145));
hence the map £, := Jy, elpler oJu 1 (0, u1) x Uy — R3 is a well defined differentiable
map for sufficiently small u; > 0. Using Eqgs. (163,164,165) one finds

"
Lo(p, Bre) = | p+a(l —pHu | +Ow?). (169)

e

Its differential satisfies

1 00
DLo(p, Be) = [ a(1= B> 10 | +O(w), (170)
0 01
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and hence

sup DLy (1, B,e) — 3] < 1 (171)
(1, B,e)€(0,p1)xUp

for sufficiently small p; > 0. This condition implies the injectivity of the map L, :
(0, 1) x Up — R, O

Remark 15. Using the decomposition Jo, = Jkepter © Las

0 1 0

(DTkepter) T =p| - —p —e 11 —¢?) (172)
0 0e'(1—¢2)32

and Eq. (170), one finds that

d d 0 d
— = —O0WH—+O0(uw)— +O(n)—, 173
o (n?) o () o () 5 (173)
and hence differentiating a power series in i with respect to j, augments its order by at
least one, that is, 3/3j,O(u") = O(u™*!) foralln € Nanda = 1,2, 3.

5.4. Expansion of energy in terms of the action variables. Using the results from the
previous subsection, we are ready to prove the following proposition.

Proposition 5 (Expansion of E in terms of action variables). Let o € [0, 1) and suppose
w1 > 0 is sufficiently small such that the map Jy : (0, 1) x Uy — R3 from Lemma 16
is injective. Then,

1 315 2aj

3 .3

s T atea +O0u°), (174)
253 pi 85 B

e=1
forall (ji, ja, j3) lying in the image of Jy.

Remark 16. The term of order O(j ~2) = O(u?)isthe Kepler term (see below Eq. (145)),
whereas the next-order correction terms of order O(j %) = O(u*) are the first rela-
tivistic corrections. As we will see, the dominant term that is responsible for the mixing
property is the fifth-order correction term 2cj; /( jg’ j33).

Proof of Proposition 5. From Eq. (165) we find

1 3
J— _ 2 _ = ) _ ) 2
— = uv1 e|:l 2\/1 e<2 \/1 e),u

J3

+afy1— 2 (2+\/1 —e2) 13 +(’)(,u4)]. (175)

This can be used to eliminate the term which is quadratic in u in Eq. (159). Specifically,
we find

1 15
e—1+ 7= [g(l —¢»)? -3 - e2)3/2] wt+2aB(1 — )21 + O(u®).

(176)
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Next, we use Eq. (175) again, 1/j5 = u + Ou?) and ji/j» = B + O(u) in order to
eliminate the quartic and fifth-order terms. This yields

1 15 3 201
e—lt+———+—— - 2 =0, (177)
2]3 8]3 J2J3 J2J3
which concludes the proof of the proposition. O

Using Eq. (146) and taking into account the previous remark we can compute the
corresponding expansion for the fundamental frequencies @, which yields

20
B
oE 3 | _ 2w 7
W= 3_J =mS 23 |: i3 :| +0(u"), (178)

1 _ 15 , 3 [3_ 2
A 25 it i

where the matrix S is defined in Eq. (147) and where j = (ji1, j2, j3). Re-expressing this
result in terms of (B, p, e) using Egs. (163,164,165) yields

Sign/g[a)r + ACUperihelion] +AwrT

0= | o+ Aa)perihelion > (179)
Wy
where
1—e? apf 1

Wy = WKepler 1-3 p l—ﬁ +0 F s (180)

3wk epl 2a8 1
Awperihelion = % |:1 - ﬁ +0 ; , (181)

20“‘)Kepler |: < 1 >i|
Aot = ——7—[1+O0| — )|, (182)

p3/2 ﬁ

and where we recall the frequency wg ¢pier Of the Kepler trajectories defined in Eq. (147).
Hence, as expected, in the limit p — oo the three frequencies w;, wy, w3 have equal mag-
nitude. The next-order correction term 1/p yields a difference between the frequencies
corresponding to the polar and radial motions, given by Awperineiion, and it describes
the perihelion precession. The next-order correction term of oder 1/p>/? breaks the de-
generacy between the frequencies associated with the azimuthal and polar motion. It
describes the Lense-Thirring effect which yields a precession of the line of nodes (the
line connecting the points at which the trajectory crosses the equatorial plane) which
has frequency Awyr (see e.g. section 10.4 in Ref. [48]).
Computing the Hessian D¢ of & with respect to j one finds

0 —4 — g
2 324 123]%3
— 20T _ _ba [ _6  Zaji _ 9 B 8 T
A =S(mD*e)S" =mS EElGE 125133 PR ‘ +O0u®) | S".
_ 6o [ 9 L Beji[_3 36 15 T
B B3E T BB ki 28 B3

(183)
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Note that the dominant term in the matrix comes from the contribution —3/ j;‘ in its
33-component, which is of the order w*. Since det(S) = 1/(Mym)? it follows that

10802 1
Mym> 3 Js

As a direct consequence, we have the following lemma which proves the statement of
Theorem 6 for A:

Lemma 17. Let o € (0, 1). Then, for 1 > 0 sufficiently small, it follows that det(A) >
0 for all (u, B, e) € (0, u1) x Up.

5.5. Expansion of Carter constant in terms of the action variables. In this final subsec-
tion we repeat the steps performed in the previous subsection for the constant of motion
L instead of E and verify the validity of the B-nondegeneracy condition.

Proposition 6. (Expansion of L in terms of action variables) Let o € [0, 1) and suppose
w1 > 0 is sufficiently small such that the map Jy : (0, u1) x Uy — R3 from Lemma 16
is injective. Then,

. 2 %) : 2 2
1
pmn= e (1) L Lo, ass
2 2p i) 2R lis J 12

for all (jy, ja2, Jj3) lying in the image of Jy.

Proof. We use the same strategy as in the proof of Proposition 5, and successively
eliminate the p-terms in the expansion (160) of A up to the required order.
First, using Eq. (164) one finds

1 1
A—n=—ﬂﬂ—§ﬁu+?wa—¥nﬁ+ow%. (186)

In a next step we use Eqs. (163,164) which give

1 1
é=ﬂ+aa—ﬁ%u—5ﬂmﬁ+ow%, (187)
and one obtains
j 1 1
k—jz+g£»=—K%L+—aﬁ[1—e2—xﬂ;ﬂ+cxM%. (188)
J2 2 2

Using j{l = ull+ (’)(uz)] and again Eq. (187), and recalling that k2 =a%(1 — ,32)
yields

) ’ 2
x—j2+g£-—3¢(1—w%>:=%aﬂ[l—e2+a%l—ﬂ5]uz+003l
(189)

Now the claim follows using Eq. (187) once again and noting that (1 — e*)u? = 1/j32. O
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Using Eq. (185) we compute

8L ) ; .2 . 22 4
N =8S— =MymS aji o (i) e | 1o (g S0 +0uh
aj I+ iz 23 ! i 23 | 2773 3 i

o1
j2j3

—ap —o?pp + jald — ot (14 B)ln
=MumS | 1+afp+ L1+ — a2 —a2)d | +0wh, (190)
—af(l — )2
and
o3 j o o2 o o
_% - i - 327315 Y
_ 2 T _ o, 307 _ 20j u _ 6 o aj 5 T
B=SDPLST = MamS | | 4 3050 gy o] 200y o 121)+ Girgis| Gy |+ 000 |87,
— i 3aji
i3 i35 Y
(191)
where we have abbreviated t, , = 1/j ]3 +a2(n—m i 2/j 73 2)/j ]2 Taking into account

that the dominant terms in the matrix are the contributions o/ 12 appearing in the 12-
and 21-components and —2«j/ j23 appearing in the 22-component, and recalling that
det(S) = 1/(Mym)?, it follows that

30’ Ji

det(B) = — 2 1+ O0Ww]l. (192)

M3 m3 jo jyjs

As a direct consequence, we have the following lemma which proves the statement of
Theorem 6 for B:

Lemma 18. Leta € (0, 1). Then, for 11 > O sufficiently small, it follows that | det(B)| >
0 for all (u, B, e) € (0, u1) x Up.

6. Conclusions

We have analyzed the phase space mixing of a relativistic, collisionless kinetic gas whose
individual gas particles follow spatially bound future-directed timelike geodesics in the
exterior of a Kerr black hole of mass My and with rotation parameter ag such that
a%_l < M%{.

Our method exploits the integrability property of the free-particle Hamiltonian on the
cotangent bundle associated with the spacetime manifold, and it relies on the construction
of generalized action-angle variables (Jy, Q%) parametrizing the region of phase space
Cbouna corresponding to bound orbits in the Kerr black hole exterior. More precisely,
the J-variables label, locally, the invariant sets of topology R x T3 in Tpoung While the
Q-variables provide global coordinates on each of these sets. We have argued that it is
convenient to define Jy as a function of the free-particle Hamiltonian, whereas the action
variables J := (J1, J2, J3) are topological invariants associated with each § L_factor of
T3 which are dual to the angle variables Q := (01, 0%, 0%). Whether or not the J-
variables provide a globally well-defined labeling of the invariant sets foliating I"poyn4
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constitutes an open problem which requires a proof that the transformation [:P—1]
which maps the constants of motion P = (E, L., L) to the action variables J is globally

invertible. Although it can be shown that Lis locally invertible (cf. Lemma 5) and globally
invertible in the Keplerian limit (cf. Lemma 16) or in the Schwarzschild limit ay = 0,
understanding its global invertibility in the general case requires further work, showing,
for instance, that this map is proper. To circumvent this problem, we have labeled the
invariant sets by the constant of motions, represented by the variables (Py) = (m, P),
instead of (J) and worked with the globally-defined (though non-canonical) coordinates
(Py, Q%) on T'ppuna- Based on these coordinates, the free-particle flow on I'ppypq still
has a simple form which allows one to easily show that the propagator associated with
the Vlasov equation is a strongly continuous group. The mixing Theorem 5 can then be
established using standard Fourier methods generalizing previous work [28,29], and it
shows that mixing takes place for any DF whose initial datum and test function lie in
appropriate function spaces, as long as the A-nondegeneracy condition is satisfied (see
Definitions 1 and 3).

Theorem 6 and Corollary 2 show that this condition holds if ay # 0. To prove
Theorem 6 we have shown that the integral of motion corresponding to the energy E of
the particle can be expressed in terms of the action variables J in the Keplerian limit, and
that this dependency can be represented in terms of a power law to any desired accuracy
of the parameter u which is related to the inverse square root of the semi-latus rectum of
the orbit. The gradient of E with respect to J yields the fundamental frequencies and its
Hessian is the matrix A whose determinant is relevant for the A-nondegeneracy condition
and the mixing. The resulting power-law expansion for the frequency (see Eq. (179))
has an interesting interpretation: to leading order, the three frequencies are equal in
magnitude, which reflects the fact that the Kepler orbits are closed. The next-to-leading
term removes the degeneracy between the frequencies associated with the radial and polar
motions and describes the perihelion shift (the orbit still taking place within a plane if
truncated at this order). The effects of the rotation of the black hole appear to the next-to-
next-to-leading order and break the degeneracy between the frequencies associated with
the azimuthal and polar motions, which describes the Lense-Thirring effect. It is at this
order that the determinant of A is non-zero and that mixing becomes perceivable. An
analogous expansion can be performed for the variable L, which represents the square
root of the Carter constant. Its Hessian with respect to J yields the matrix B whose
determinant is relevant for the B-nondegeneracy condition which is the fundamental
hypothesis in Theorem 4, stating that the imposition of the Carter symmetry implies
that the DF is a function of the integrals of motion only. Our power-law expression for
E should have an interest beyond the problems analyzed in this work, especially for
astrophysical problems in which a star is orbiting the black hole at a radius much larger
than its Schwarzschild radius.

The validity of the A- and B-nondegeneracy conditions in the Kepler limit, combined
with the analytic dependency of the fundamental frequencies on the constants of motion
and Proposition 4, allows one to conclude that these conditions are actually valid on the
whole space I'pouna, as long as ay # 0.

Gathering the results we arrive at the main conclusion of this article:

Theorem 7 (Mixing in the exterior of a rotating Kerr black hole). Let m > 0, My > 0
andap € (0, My) and consider the reduced phase space ¥ (see Eq. (106)), describing
bound geodesic motion in the exterior of a Kerr black hole of mass My and rotation
parameter ag, which is diffeomorphic to the space (T, n) under the map Uy, see sub-
section 4.1.
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Let p,q € (1,00) be suchthat 1/p +1/q = 1 and let F € Lp(f,_f]). Then, under
the Liouville flow U (t), U(t) F converges weakly to its angle-average F, that is,

Jlim f [U()F)(q. P)G(q. P)j = / F(q.P)G(q. P)i. (193)
P P
forall G € LY(I", H).

Remark 17. As explained in Theorem 5, Eq. (193) also holds for F € L! (f‘, n) and
G € Cp(I"), the space of continuous and bounded functions on T".

Remark 18. Theorem 7 implies that any macroscopic observable N, (¢) of the form (125)
for which the initial datum fy liesin L? (X, 1) (p > 1) and the test function g in the dual
space L9 (X, 7)) converges in time to the same observable in which fj is replaced with
its angle-average. Physically, this implies that a kinetic gas configuration propagating
in the background of a rotating Kerr black hole exterior settles down to a stationary,
axisymmetric configuration which is invariant with respect to the Carter flow. Such
configurations have recently been constructed and their properties analyzed, see Refs.
[49,50]. Furthermore, it has been shown that similar configurations yield stationary and
axisymmetric solutions of the full Einstein-Vlasov system bifurcating from the Kerr
solution [34]. It should be interesting to investigate the role of phase space mixing for
the stability of these self-gravitating solutions with respect to small perturbations.

Remark 19. Related to the previous remark, it is natural to ask whether the statement
of the theorem can be generalized to a larger class of test functions g, including distri-
butional ones for which N (¢) describes components of the current-density or energy-
momentum-stress tensor. We leave this problem for future work; however see [29] for a
Newtonian model problem.

Remark 20. We emphasize that the mixing property established in Theorem 7 only holds
in the rotating case ag # 0. When ay = 0 there is only partial mixing, which is due to
the fact that the fundamental frequencies degenerate, w?> = +w'!, implying that ¢! 7 g2
is a conserved quantity. As explained in [29] this quantity, together with L, and L
determines the three components of the angular momentum vector which is conserved
in any spherically symmetric spacetime.

Remark 21. It is also worthwhile comparing Theorem 7 with the results in [30], in which
the restricted problem of a kinetic gas confined to the equatorial plane ¥ = /2 was
considered, completely suppressing the polar motion. In this case, J» = 0 and only the
angle variables ¢! and ¢3 should be considered, such that the degeneracy w?> = +w' in
the limitay = 0 becomes irrelevant. In fact, our results in [30] suggest that mixing takes
place in this restricted setting, independently of whether or not ay is zero. It would be
interesting to prove this fact rigorously, using similar arguments than in section 5.

Remark 22. An immediate corollary of our mixing theorem is the strong Jeans theorem
for our setting (see Theorem 3), which states that a stationary DF is a function of the
integrals of motion only. We stress that this result has been derived under the assumption
of a fixed Kerr background, and it should not be mixed up with Jean’s theorem for a
spherically symmetric self-gravitating kinetic gas which applies to the Vlasov-Poisson
system [51] but not for the Einstein-Vlasov one [52].



Phase Space Mixing of a Vlasov Gas Page 47 of 72 105

Remark 23. Although Theorem 5 provides sufficient condition for phase space mixing
to take place under rather weak regularity assumptions on the DF and the test function,
it provides no information on the decay rates. We have made only brief remarks on
what would be involved in showing decay, following the generalized Riemann-Lebesgue
lemma 13. However, the proof indicates that, apart from the requirement of stronger
regularity, the eigenvalues and eigenvector of the matrix A may play an important role
when analyzing the decay properties. In this regard, we mention that decay results for toy
models have recently been obtained in Refs. [53,54], based on the vector field method.
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Appendix A: Polar motion

As follows from Eq. (25) the polar motion is confined to the set in the (¢, py)-plane
determined by the equation

Py + K@) =L (A1)
where here we rewrite the function K : (0, 7) — R in the form
K@) = L2+ L*cot> 9 +a% (m*> — E?) cos® v, (A2)

where we recall that iz =L, —apkE, see Eq. (38). For L, # 0 the function K diverges
as?® — 0, 7. When a%, (E2 —mz) < L? this function has a global minimum at 9 = 7/2,
where K (7/2) = I:g, so in this case the polar motion is described by a closed curve in
the (¢, py)-plane for each L > |I:Z|.

When alzq (E?2 —m?) > L%, the function K has a local maximum at ¢ = 7/2 and
two global minima at ¥ = ¥, and ¥ = & — ¥, where ¥ € (0, 7/2) is determined by
the equation

| L]

lap|VEZ —m?’

sin? ¥, = (A3)
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The value of K at these minima is

. 2
K@) = K(r = 0. = 12~ (lanlVE> = m? = |Lo]) . (A4)
For the scenarios considered in the present article, £ 2 < m?, since we only consider
bound orbits; hence only the first case where K has a global minimum at = /2 is
relevant.

Appendix B: Radial Motion

In this appendix, we discuss the qualitative properties of the effective potential W,
defined in Eq. (40) describing the radial motion of future-directed timelike geodesics in
the Kerr exterior spacetime. For related discussions, see for example [34,55-57].
In terms of the dimensionless variables
r E L . L,
X = —, e A= , YRES —,
My m Mypm Mym

(BI)

ando :=ay /My, B = I:Z/L we have W, (r) = mwy, g5 (x) with the smooth function
We,B,2 : (X4, 00) — R defined by

X 2 a? e
We,p1(X) = O;iz+\/(l - ;+j—2> (1+x—2), x>xp:i=1++v1—a?2.(B2)

Notice that limy_, ,, we g1 (x) = aﬂk/x% which can have either sign, while for large
X,

1 1
We g (x) =1— T +0 <x_2> . B3)

Spherical orbits. In order to determine the qualitative properties of wgy g3 we first
discuss its critical points, corresponding to spherical orbits (that is, orbits taking place
within a sphere of constant radial coordinate r). For this, suppose x > x, is a critical
point of wg, g 1. Then,

d
0=x3V(x2—2x +a2)(x2 + x2)d—wa,ﬁ,x(x)
X

= 2aBr/(x2 = 2x +a2)(x2 + A2) + x2(x — a?) — (x% — 3x + 20%)A%. (B4)

Taking the square on both sides and eliminating the square root one obtains a bi-quadratic
equation for A of the form

ANV —2BM+C =0, (B5)
with coefficients

A = x2(x = 3)? — 4a’x + 40> (1 — BHA(x),
B=x*(x =3+’ (x+1) —2a%(1 — BHx*A(x),
C = x4(x — 052)2,
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where for convenience we have set A(x) := x2 — 2x + «2. The discriminant yields
D = B — AC = 42 B*x*A(x)> [x — (1 — ,32)] , (B6)

and is positive since x > x4 > land 0 < a2(1 — /32) < 1. Therefore, Eq. (B5) has two
real solutions for A2, given by A2 = (B + +/D)/A. Observing the fact that

B+x2A = x*A(x) [x(x —3)+2a2(1 — ﬂz)] (B7)

and the factorization

A= [x(x —3)+2a%(1 — B?) +2aB/x — a2(1 — ,32)]
[x(x —3)+2a%(1 — B?) — 208/ x — a2(1 — ,32)] , (BS)

one obtains

W2 =2 -1+ AW
x(x —3)+2a2(1 — B2) T 2aBVx — aZ(1 — B2)
2
x? [\/x —a2(1 -85+ aﬂ]

= (B9)

x(x —3) +2a2(1 — B2) F 2aBy/x — a2(1 — B2

Since /x — a2(1 — B2) > /1 — & + 2% > |ap| the numerator in Eq. (B9) is always
positive, and hence the denominator needs to be positive as well for A> > 0 to be well-
defined. By introducing Eq. (B9) back into Eq. (B4) one can check that the correct
solution is the one belonging to the lower sign. Therefore, we conclude that

x\/x —a?(1—B%) —ap
VE®) ’

with the smooth function & : (x4, c0) — R defined by

h(x) :=x(x —3) +2a%(1 — B +2aB/x —a2(1 — B2), x>=x;. (Bl

The next lemma shows the relevant behavior for the function % that will be used in the
following:

A=

h(x) > 0, (B10)

Lemma 19. The function h : (x4, 00) — R defined by Eq. (B11) has a unique zero at
some point xpp = Xpp(a, B) > x4, and it is strictly negative on the interval (x4, Xpp)
and strictly positive on the interval (x p,, 00) (see Fig. 3).

Proof. First, we observe that

}lgrxl h(y) = —x4 +al+ 208 (\/m _ oe,B)

w2
e —a) 20282 [ 1 ) <o,

Ol2,32

IA
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h(x)

-
T

20

©
T

5L

Fig. 3. The function / : (x4, 00) — R for the parameter values @ = 0.99 and § = —0.95. Note that % is not
monotonous for these values; nevertheless it has a unique zero

by virtue of the inequality +/1 + ¢2 — 1 < ¢%/2 which holds for all ¢ > 0. On the other
hand,

lim h(y) = +o0;

y—>00

hence A has at least one zero on the interval (x,, 00). It remains to show that this zero
is unique. For this we compute

ap
Vy—a2(1 =%

Combining this with Eq. (B11) we obtain the identity

dh
d—()’) =2y—-3+
y

2 d [hO))_ dh

Yy [y_2] =V () = 2h(y)

_ 4201 @2 _ ap

_[3y 402(1 ﬁ)][l m] Y > xp.

The second parenthesis on the right-hand side is positive since v/ y — a2(1 — 2) > |af)|.
The first parenthesis is negative for y < y; := 4a?(1 — 8%)/3 and positive for y > y;.
Therefore, the function 4 (y)/y? decreases for x; < y < yi (as far as this interval is
non-empty) and increases for y > yj. Since i(y)/y? is negative for y close to x, this
implies that the function / can have only one zero. O

Remark 24. r = My x (a2, B) corresponds to the radius of spherical photon orbits.

Concluding from what we have obtained so far, the function wg, g 5 has a critical
point at x only if x > xp4(a, B). In this case, the dimensionless Carter constant and
energy of the orbit are given by

Vx—a*(1—-p8%) —ap
Vh(x) '

hsph(X) = x (B12)
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x2 = 2x +a?(1 — B2 +afy/x —a2(1 — B2)

Esph (x) =

x+/h(x)
_ @ L YT “jgl - ﬂz),\s,,h(x), (B13)
respectively. For large x one finds
dsph (x) :ﬁ[l—j—é+(’)(%)] (B14)
Espn(x) = 1 — %+O<x—12> (B15)

and the leading order terms coincide with the Newtonian expressions (taking into account
the rest energy of the particle), as expected. Note also that A, (x) and &, (x) are positive
forall x > x,p (e, B).

Global behavior of the functions Aspy and &gpy. Next, we analyze the behavior of the
functions Ay, and &;p;, as x increases from x ), to 0o. First, we observe that Ay, (x) —
00 as X —> Xpj Or x — 00; hence Ayp; must have a global minimum at some x = X;;.
In order to determine this minimum we compute

G(x)

2h(x)3/2/x —a2(1 — B2)’

kgph(x) = Gx) = xZ(x) —[h(x) — x(x — 1)]2.

(B16)
The next lemma gives the required behavior of the function G.

Lemma 20. The function G : [xp,, 00) — R defined in Eq. (B16) has a unique zero
Xms = Xms(at, B) in the interval (xpp, 00). Further, G is negative for x < X5 and
positive for X > Xps.

Proof. First, note that G is smooth, diverges to 0o as x — 00, and satisfies

Glp) = [¥A0) =2 = 12| ==y @ - D} +1-0?] <0.

X=Xpj

Hence, it has at least one zero in the interval (x,;, 00). Next, a short calculation reveals
that

G'(x) =3[2h(x) — A)]. (B17)

Suppose now x is a zero of G. Since

h(x) —x(x — 1) = =2,/x —a2(1 — B2) |:\/x —a2(1 - B2 — aﬂi| <0, (B18)

it follows from the definition of G in Eq. (B16) that

h(x) =x(x — 1) —/xA(x), (B19)
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and thus

1 —
3 G’(x)|G(x):0 =x2—a? = 2\/xAx) =: H(x). (B20)

Finally, we claim that H (x) > O for all x > x,, which implies that the function G can
only cross zero from below and hence can have only one zero.

To prove that H (x) is positive for all x > x; we first notice that H (x;) = xf —a?2>0
and that H (x) — oo as x — oo. Next, let xg be a global minimum of H on the interval
[x4, 00). Since

1 _
H'(x) = 2x — ———(3A(x) + 2x — 2a?), (B21)
VXA(x)
such that limy_,, H'(x) = —o0 and lim,_, o, H'(x) = 00, this minimum cannot be

located at x = x,.. Hence, xg > x, satisfies H'(xg) = 0 and

1 1
H(xo) = x3 — o — —(3x2 —4xg + %) = — [(xo — 1P+ g+ (1 — az)] =0,
X0 X0
(B22)
which proves that H(x) > O for all x > x,. This concludes the proof of the Lemma. O

Remark 25. For equatorial orbits 82 = 1, the equation determining x,,; simplifies to
2(y/Xms — oB) = v/ A(xpns) which implies h(xys) = 3(/Xms — af)*.

It follows from the previous Lemma that as x increases from x,j, to x,,s and then
from x5 to oo the function Agpp @ (Xpp, 00) — R decreases monotonically from oo to
its global minimum Ay, := Agpn(Xms) and then increases again monotonically to co.
Next, a somehow long but straightforward calculation reveals that

Vx —a?(l - p?)

Exph () = S hipy (%), (B23)

which shows that as x increases from xpj, to x;,s and then from x5 to oo the function
&sph + (Xpp, 00) — R decreases monotonically from 00 to &5 1= &5pp (Xns) and then
increases monotonically to 1. The typical behavior of the functions Ayp; and &gy, is
shown in Fig. 4.

Global behavior of the effective potential wy g.5. As a consequence of the inferred
behavior for the function Aspp, @ (xpn, 00) — R, given any value for A > 4, there exist
precisely two spherical orbits at Xy € (Xph, Xms) and Xpin € (Xps, 00), respectively,
such that

)\-sph (Xmin) = )\sph (Xmax) = A. (B24)
A long calculation shows that
G(x)

=) 3VEO)AKx)

with G the function defined in Eq. (B16). Therefore, x,,,x corresponds to a local max-
imum of wgy g ; and X, to a local minimum. For A < A, the function we, g3 has
no critical points and is monotonously increasing. We summarize our finding in the
following
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Fig. 4. Plot of the functions Aspj,, Espp : (Xpp, 00) — R for the parameter values @ = 0.12 and = —0.61.
The vertical dashed lines indicate the location of the marginally stable orbit x;;s ~ 6.223 for these values,
which correspond to the minima of both functions
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Lemma 21 (Global behavior of the effective potential). Let « € [0, 1) and g € [—1, 1]
and denote by Ays = Aps(a, B) the global minimum of the function Aspy defined in
Eq. (BI2). Then, the effective potential wy. g, defined in Eq. (B2) has the following
qualitative behavior:

(i) If 0 < A < Ay, it is monotonously increasing.

(i) If & > Ay, it has a local maximum at Xymax € (Xph, Xms) and a local minimum at
Xmin € (Xms, 00), Where Xmayx and Xpmin are uniquely determined by the equation
Aspn(x) = M. Define the corresponding energy values &pax = &sph(Xmax) and
Emin ‘= Esph(Xmin). AS A increases from Apys 10 00, Xyqy decreases from Xy 10 X pp
and &mqax increases from &y = Espp(Xpms) 10 00 while Xy increases from xps to
00 and €y increases from &y to 1.

Typical examples for the behavior of wy g5 in case (ii) of the lemma are given in
Fig. 5. To close this section, we summarize the properties of special orbits we have
encountered so far and which play an important role throughout this article. Recall that
in our parametrization, we fixed the parameter § = L ;/ L, such that the characteristic
radii, energies and Carter constants of these orbits depend on « and S.

e spherical photon orbits. These correspond to the limit of the unstable spherical
orbits as the energy goes to infinity. Their radius x = x ), is determined by the unique
zero of the function 4 (x) defined in Eq. (B11).

e marginally stable orbits. These are the spherical orbits with minimum values of
A and ¢. Their radius x = x,,,5 is determined by the unique zero of the function G
defined in Lemma 20.

e marginally bound orbits. These are the unstable spherical orbits whose energy is
equal to 1, that is, equal to the asymptotic value of the effective potential. Their radius
X = Xpp corresponds to the unique root of &s,,(x) = 1 in the interval (xpp, Xps),
and it also represents the minimum radius of parabolic-type orbits.

e innermost stable orbits. These are the unstable spherical orbits whose energy lies
below 1. Their radius x = x,,,, represent the largest lower bound for the radii of
bound orbits whose energy lies just below the maximum of the effective potential.

In some limiting cases it is possible to provide explicit expressions for the quantities
Xphs Xmbs> Xms» Amb> Ams and &5 In the non-rotating limit o« = 0 these quantities become
independent of 8, and they are given by

xph(0,8) =3, xmp(0,B) =4, xms(0,B) =6, (B26)
dnp(©0, B) =4, dns (0, B) =2v/3, £y (0, B) = /3/9. (B27)
For equatorial orbits and an arbitrary rotation parameter o € (—1, 1) one finds [58]
2
Xpp(a, B = £1) =2+2cos |:§ arccos(—a,B)j| , (B28)
2
X (@, B = £1) = (1+\/1—a/3) —2—af+2/1—ap, (B29)
Xms(, B=%1) =3+2Zy — BB — Z)B+Z1 +222), (B30)

with Z; := 1+ (1 — )P[0+ )2 + (1 — )/?] and Z, := /Z? +3a2. Using
Egs. (B12,B13,B19) one also obtains from this

Amp(at, = £1) = xmp(at, B), (B31)
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Fig. 5. Plot of the effective potential wg, g ) for the parameter values « = 0.12, B = —0.61 and A = 5
(top panel) and A = 3.9 (bottom panel). Also shown (in vertical dashed lines) are the locations of the photon
sphere, the marginally bound orbit, the marginally stable orbit and the locations (in vertical solid lines) of the
local maxima and minima of wg, g 3
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Fig. 6. Plot of the functions x,,; (ct, 8) (left panel) and x5 (ct, B) (right panel)

Aoms (@, B = £1) = W ems(@, f=+1) = [1— m.(mz)

The behavior of x,,, (e, 8) and x,,,5(«, B) for arbitrary values of « € [0, 1) and B €
(—1, 1) areillustrated in Figs. 6 and indicate that these functions decrease monotonically
for fixed o (although this property will not be used here).

Appendix C: Parametrization of the Bound Orbits Through the Parameters (8, p, e)

It follows from Lemma 21 that the parameter range corresponding to bound orbits is
described by the set

Do :={(B,2,8): =1 < B < 1,A > Aps(@, B), emin(X) < & <min{l, &,4c(X)}}.
(C1)

However, for many applications it is useful to parametrize the bound orbits in terms of
the Kepler-type "semi-latus rectum" p and eccentricity e, which are related to the turning
points x1 and x; of the radial motion through the transformation [35,40]

_ P _ P
X1

= , . C2
l1+e * 1—e €2

Here e is restricted to the range 0 < e < 1, the limits e — 0 and e — 1 corresponding
to circular and parabolic-type orbits, respectively. Unlike the Kepler case in which p
is an arbitrary positive number, in the Kerr case the range of p is restricted to p >
piso(a, B, e), the limit p = p;so (o, B, e) (determined below) corresponding to the
innermost stable orbits, i.e. the orbits with minimal inner radius for given value of A.
Therefore, the quantities (8, p, e) are confined to the open set

o ={B,p,e):—1<B<1,0<e<]1,p> prsola, B, e)l. (C3)

In this subsection, we describe the properties of the function p;so (o, B, €), and we
prove that the map Ty, : Dy, — &y, (B, X, €) — (B, p, e) is invertible. To this purpose
we first recall the fourth-order polynomial R defined in Eq. (28) and its relation with
the effective potentials W in Eq. (39), which implies that on the interval r > r, all the
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roots of W, are also roots of R, with the same multiplicity. Furthermore, we see from the
definition of R in Eq. (28) thatin the regionr_ < r < r, where A is negative, R(r) > 0,
whereas R(0) = —a%, (L% — I:?) < 0. Therefore, it follows that for (8, A, ¢) € D, the
function R must have four real roots, two of which are given by the turning points r; < r
of W, (r) = E and the remaining roots r3 < r4 satisfying

O<m<r_<ri<rg<ry <r, (C4)

with 3 = 0 in the limiting case of Schwarzschild or equatorial orbits. In the limite — 0
the two roots r; = r» fall together and for ISOs the roots r4 = r; are equal to each other,
with r4 = r; = rp for marginally stable orbits.

Inorder to get useful relations between the roots and the conserved quantities, we work
again with dimensionless variables, setting x; = r;/Mpg fori = 1,2, 3, 4. Assuming
that (B, A, €) € D, and writing

R
—(M2(2)2 = (ex? —apr)? — (x* = 2x + &) (x* +1?)
H
=—(1—eM)(x —x3)(x —x4)(x — x)(x — x2), (C5)
one obtains the relations
1—¢e“ = , (C6)
X1234
)\2 _ X1X2X3 + X1X2X4 + X1X3X4 + X2X3X4 ’ (C7)
X1234
2
@3(1 — g2 = 2B (C8)
X1234
Ol2 + )»2 + Zaﬁek _ 2x1x2 + X1X3 + X1X4 + X2X3 + X2X4 + X3X4 ’ (C9)
X1234

where we have introduced the abbreviation x1234 := x1 + x2 + x3 + x4. These equations
allow one to determine the conserved quantities (g, A, ) from the roots x1, x2, X3, X4.
Since there are more equations than unknowns, the roots cannot be independent from
each other. In fact, we will show that the knowledge of B, x; and x; is sufficient to
determine the other roots x3 and x4 and the constants of motion (g, A).

Before doing so, we note two immediate conclusions that can be drawn from Eqgs. (C6—
C9). First, in the limit of marginally stable orbits, for which x4 = x1 = x3 = X5, One
obtains

2 2 2 xms+3)C3

2
1 — &,

(C10)

ms

T B + X3 TS B + X3

For equatorial orbits, x3 = 0, and these expressions reduce to Eq. (B32). Second, for
marginally bound orbits, one has x, — oo with x4 = x| = x,;, remaining bounded,
which yields ¢ — 1 and

A2 = Xub (X + 23). (C11)

This simplifies to the corresponding expression (B31) when x3 = 0.
With these observations at hand, one can prove the following general property of the
effective potential wg, g5 (x) defined in Eq. (B2):
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Lemma 22. Let o € [0, 1), B € [—1,1] and x > xp(c, B) be fixed and set A1 =
Asph (x). Then, the function (A1, 00) — R, A = wqy, g, (x) is increasing and unbounded.

Proof. From Eq. (B2) one easily finds

Awg g (x) +af

x2 + 22 (€12)

% We, g, (X) =
The right-hand side is manifestly positive for prograde orbits ¢ > 0. However, in the
retrograde case the right-hand side is certainly not positive for arbitrary values of x > x4,
since wy, g (x) becomes negative when x — x,.

We treat de retrograde case as follows. First, it follows from the properties of the
effective potential established in Lemma 21 that for each A > X the point x lies inside
the potential well of wy, g ;. Therefore, using Eq. (C10) one finds wo,,,g,,\(x)2 > 8,2ns >
1 —2/(Bxpy) and A% > A2, > x2 /3 which imply

Xms 1 2
J3 3xms

Next, we claim that for retrograde orbits, x,,s(e, 8) > 4, the equality being achieved
for = 1 and B = 0. To prove this assertion, we recall that x,,; is determined by the
unique root of the function G on the interval x > x,,, and that G’(x) > 0 at this root,
see Lemma 20. Using Eqgs. (B16,B18) a short computation reveals that

2
G(4) = 4 {8+a2 - [4—a2(1 —ﬁ2)] [,/4—a2(1 — 82 —a,Bi| }

54(8+a2—9) — _4(1—a?) <0, (C14)

Ag, g3 (x) = (C13)

where we have used the assumption that 8 < 0 in the last step, and where we note
that the equality holds if « = 1 and 8 = 0. Therefore, x,,; > 4 for retrograde orbits.
Together with Eq. (C13) this yields

4 /5
Awg g2 (x) > 5\/; > 1. (C15)

This shows that the right-hand side of Eq. (C12) is also positive for retrograde orbits.
In order to prove the unboundedness property, consider the limit
2
.oX
lim —wg, g1 (x) =af +vVx2 —2x +a?. (C16)
A—00 A

The right-hand side is again manifestly positive when o > 0. When a8 < 0 we use

the identity
2
h(x) = A(x) — [,/x—az(l —,32)—05,31| , (C17)

to conclude that (2) < —(1 — ozz) < 0, which shows that x,,, > xp; > 2, such that
the right-hand side of Eq. (C16) is again positive. O
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Coming back to the question regarding the invertibility of the map Ty : (B, A, &) —
(B, p, e), for what follows we can fix B € (—1, 1) since B transforms trivially with
respect to this map. Introducing the sets

Da,ﬂ =1{(x, 8) 1 A > s, B), emin(A) < & <min{l, g0x (M)}, (C18)
and

Eup:=1{(p,e):0<e<1,p>prsola B, e}, (C19)

our task is to determine the function p;so (e, B, e) and to prove that the map Ty g :
Dy,p — Eq,p is invertible. Note first that this map is well defined if we replace £, g with
(0, 00) x (0, 1), since it follows from Lemma 21 that for given (A, €) € Dy g there exist
unique turning points x» > x| > X5 («, ) which are determined by the roots of the
equation wg, g3 (x) = €. The key question is whether the converse holds as well: given
X2 > X1 > Xpp(a, B), do there exist unique values (A, €) € Dy g such that x; and x;
are the turning point of wgy, g1 (x) = £? The first observation is that this property does
not hold without further restriction of x| and x;. Indeed, when x; lies within the range
(Xmb» Xms), X2 cannot approach x since X2 > X;ip > Xps. As the next lemma shows, the
closest x, can get to x1 occurs when A = Ay, (x1) is minimized, such that x; corresponds
to the inner radius of an ISO. For the following, denote for each x; € (x;;p, X;s) by
X2.150(x1) > X5 the right turning point of War, B, 35pi (1) (X) = &5pn(x1). Then, one can
show:

Proposition 7. Let « € [0, 1) and B € [—1, 1] be fixed. Given x5 > x1 > xmp(ct, B)
with the restriction xo > X2 150 (x1) if x1 € (Xmp, Xms), there exist unique values
(A, e) € Dqy,pg such that x1, xp are the turning points of wq,g,;.(x) = &. Conversely,
given (A, €) € Dy, g, it follows that the turning points of the orbit wy g5 (x) = € satisfy
x2 > Xo,150(x1) if x1 € (Ximbs Xins)-

Proof. Suppose x2 > x1 > Xxup(c, B) with the restriction xo > X2 750 (x1) if x1 €
(Xmp, Xms) are given. Since x| must lie between the maximum and the minimum of
Wq,p,2, the value of A must satisfy A > Ay := Agpp(x1). Next, introduce the smooth
function

e1(A) :=wega(x1), A=Ay, (C20)

According to the previous lemma this function is monotonously increasing and un-
bounded.

Consider first the case x; > x,5. Then, £;(X;) < 1 since x; is the location of
the local minimum of wy g, when A = Ay. As X increases, the location of the local
minimum moves to the right (see Lemma 21); hence x| must be the left turning point
of wy g1 (x) = e1(A). Since £1(1) — oo monotonically as A — oo, there exists a
unique Ay > A1 such that 1(12) = 1. Next, denote for each A € (11, A2) by X2(A) the
location of the right turning point of wg g5 (x) = €1(A). Because e1(A) — lasi — Ao
it follows that X,(1) — oo as A — Aj. Furthermore, X;(A1) = x;. Therefore, there
exists A € (A1, A2) such that X»(1) = x3.

It remains to show that this XA is unique. For this, it is sufficient to prove that the
function X, () is increasing. To prove this, differentiate both sides of the equation

We, 6,1 (X2(X)) = we, g1 (x1)
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with respect to A, which yields
0We, g1 dX, awa,“

A
P (X = (o) = =22 (X).
X
Using Eq. (C12) this can be rewritten as
0Wq, B, dX, re1(A) +«
@B (X,) == p 5 [XZ(A)Z—X$]>0. (C21)
dx dx (A2 +x7) [A% + X2(0)?]

Since the first factor on the left-hand side is positive (being X the right turning point) we
conclude that X»(A) is an increasing function of A, and hence the solution X, (1) = x3
is unique.

Next, we analyze the case for which x; € (x5, Xms) and x2 > x2 750 (x1). Now x|
describes the location of the local maximum of wy, g 3, and thus the range of the function
&1 in Eq. (C20) is restricted to the interval (A1, A;p) With A = A corresponding to the
situation for which x is the inner radius of the ISOs. As before, denote by X»()) the
right turning point of wg, g (x) = £1(1). As A increases from Aj t0 Ay, €1 increases
monotonously to 1 and hence X5 (1) increases monotonously from X5 ;5o (x1) to infinity.
Therefore, there exists a unique A € (A1, A;p) such that X7 (A) = xa.

Conversely, let (A, ) € Dy g be given and denote by x > x; the turning points
of wy, g, (x) = &. Suppose x1 € (Xmp, Xms). Then, A € (A1, Ayp), X2 = X2(X), and
it follows from the monotonicity property of X, (1) that Xo(A) > X2 7s0(x1). This
concludes the proof of the proposition. O

Before we proceed, we show the following property of the function X2 ;50 (x1):

Lemma 23. Let « € [0, 1) and B € [—1, 1] be fixed. The function (Xmp, Xms) — R,
x = X3 150 (x) is a smooth monotonously decreasing function satisfying X» jso(x) —
00 as X — Xyp and X2.150(X) = Xps aS X — Xpyg.

Proof. The smoothness property and the limits is a consequence of the definition of
X150 and the fact that it is an isolated root of the polynomial (C5). To prove the
monotonicity property, differentiate both sides of the equation

War, B350 () (X2,150 (X1)) = Espn(X1),  Xmb < X1 < X, (C22)

with respect to x1, which yields (setting x2 := X2 ;50 (x1)):

dWqy 8.2 dXs 150 0Wq, B2
P (x2) B () = ey ) — P () M (1),
A=hgpi (x1) X A=hsph (x1)
Using Egs. (B12,B13,B23,C12) one can rewrite the right-hand side as
Wy, g2 dX> 150
@B (x2) LD
dx r=hgne) A%

x? X5 + hgpi (x1)2

_ V-8 [1 x4+ )’

} Mepn(x1),  x2 = X2 150(x1),

(C23)

for all x,,, < x1 < Xp5. It follows from the fact that x; < xp, )Li,ph (x1) < 0 and that the
first factor on the left-hand side of Eq. (C23) is positive that d X2 150 /dx(x1) < 0, and
this concludes the proof of the lemma. O
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As a consequence of Proposition 7 and the last lemma one has:
Proposition 8. (Invertibility of the maps Ty g) Let a € [0, 1) and B € [—1, 1] be fixed.
There exists a continuous function prso : [0, 1] - R, e — prso(«, B, e) satisfying
piso(a, B,0) = xps(a, B) and prso(a, B, 1) = 2xmp(a, B) such that the map
To.p : Do = Eaps (A, €) = (s e), (C24)
with Dy, g, Ea,p as defined in Eqs. (C18,C19) is a diffeomorphism.
Proof. Introduce the open set
Fop = {(xl, X2) 1 X2 > X1 > Xpp and x2 > Xo 150 (x1) if x1 < xms} . (C25)
It follows from the last proposition that the map
D :Dyp— Fap, (8,1 (x1,x2) (C26)
which maps (¢, 1) € Dy, g to the turning points x1, x of wy g5 (x) = &, is invertible.
Furthermore, since x; and x; are isolated roots of the polynomial (C5) it follows that

this map is smooth.
Next, consider the smooth map

W {(x;,x):x2>x1 >0} > {(p,e): p>0,0<e <1}, (C27)
2X1X2 X3 — X
(-xl’ x2) = (ps e) = ( B —> ) (CZS)
X1 +X2 X1+XxX2
whose inverse is given by
v lpeo=(-L L), p>0 0<e<l. (C29)
l+e 1—e

Then, it follows that the map Ty g : Dog — Eap = Y(Fa,p), (6, 1) = (p,e) =
W o @ (g, A) is a diffeomorphism.

It remains to prove that the set &, g = W (Fy,p) has the form given in Eq. (C19). For
this, consider the image of the curve x; = X3 150 (x1) under the map W:

B Cmps Xms) — R x1 > (Bi(x1), B2(x1)) := W(x1, X2,750(x1)).  (C30)
Note that B(x1) = Qxup, 1) when x; — x5 and B(x1) — (X5, 0) when x1 — x5.

Furthermore, the image of B describes the boundary of & g in (0, 00) x (0, 1). In view
of Lemma 23, X/2 150 1) < 0, and hence it follows that

B, d Xa21so(x1) —x1 xlX/sto(xl) — X2,150(x1)
_(-xl) = — =2 3 < U,
ax1 dx1 Xo,150(x1) +x1 [X2.150 (x1) +x1]

which shows that e decreases with respect to x;. Hence, the boundary curve B can be
re-parametrized in terms of e. O
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Since the roots x; and x; also depend smoothly on g, it follows immediately that
the map 7, : Dy, — &, is invertible and smooth for each o € [0, 1). The function
prso(«, B, e) and the inverse map Tw_1 can be determined in the following way. From
Eq. (C2) one has x1 +x2 = 2p/(1 —e*) and x1x2 = p?/(1 — €?). Setting wy := x3+ x4
and wy := x3x4 one obtains from Eqgs. (C7,C8) a linear relation between w, and wy:

sz

= 5oL (C31)

W x

where we have abbreviated x := a+/1 — B2. This relation allows one to express wy in
terms of («, p, w;). Note that wx = 0 for equatorial orbits.
For ISOs one has x4 = x1 = p/(1 + e). Thus, Eq. (C31) implies that

2
K
liso = 5527 P ' ©2
2p — k23 +e) p=prso(a,p.e)
This in turn, implies that w; = x3 + x4 is equal to
20p—«%) p
W+lrso = 2 (€
2p—«k*(B+e)l+e p=riso(a.pB.e)

for ISOs. The expression in Eq. (C33) motivates the introduction of a new parameter u.,
defined through the relation

_ 2p—kA) p 1
T 2p—k2B+e) l+euy’

(C34)

W4

such that #, = 1 for ISOs. For general bound orbits, Eqs. (C6—C9) imply the following
algebraic equation for u.:

P2(p—+aip(l — ) +i2 [p(3 +?) —a2(1 — ez)]

—(p—a?) [Zp 3G+ e)] (1+e)us

+2ppVT+e\/(1 = )p(p — k) + (p — 1 +) [2p — k23 + )] us = 0.
(C35)

Setting 4 = 1, one obtains the ISO limit p = prso(«, B, ) as a zero of the function

H(a, Be, p) i= p*(p —6—2e) +a’p(3 — e)(1 +e) + 2 [p(3 +2e + €) — 2 (1 +¢)]

+2aBpV1 +e\/(3 —e)p? —2p(1 —e?) — k2 [417 —B+e)(l — ez)]
(C36)

for fixed («, B, e).
In the Schwarzschild limit « = 0, Egs. (C35,C36) simplify considerably and one
obtains
p — 4 2p . W 2 p
=—, = —, =6+2, lim — =(1-p)——.
i+ T o4 pisol(e) e, lim—> =( ﬁ)p_4
(C37)

2%
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To treat the case & > 0 one rewrites Eq. (C35) in the form

a — buy +2aBpyv/ (1 —e?)c +vbu, =0, (C38)

with the coefficients

a:=p2(p—4) +a2p(l — &) +i> [p(3 +6%) —a?(1 — e2)] . (C39)
b= (+e)p—a?) [2p—x2(3+e)], (C40)
c:=plp-— Kz), (C41)
p—1+é?
p—a

By squaring Eq. (C35) and solving the resulting quadratic equation, one obtains

1
Uy = |:a +20%8%p%v + Zaﬁp\/(l —eX)c+av+ a2ﬂ2p2v2] , (C43)

where the correct sign can be determined by taking the limits « — 0 or p — o0.

Egs. (C2,C31,C34,C43) allow one to determine the four roots xi, xp, x3 and x4
explicitly in terms of the parameters (8, p, e). The constants of motion ¢ and A can be
determined from these quantities using Egs. (C6,C8), which yield

1 —e? 1 22 p (%

1—e? ’ 1—e? K2
P 1+ 7y W+ 1+ 2 W+

2=1- (C44)

Appendix D: Details Regarding the Computation of the Generalized Action-Angle
Variables

In this appendix we provide the necessary details for the computation of the generalized
action-angle variables (Jy, Q%). For this, recall the generating function S(yy; Iy) in
Eq. (55) which depends on the two line integrals (see Eq. (74))

dr
sr<yr;1a>=/v? So (o Ia) :=/mdﬂ, (D)
Yr Yo

corresponding to the radial and polar motion, respectively. Also recall the relation
between the quantities I, defined in Eqs. (49-52) and the constants of motion C =
(Cy) = (m, E, L;, L),suchthat Io(C) =m, [,(C) = L;, L(C) = Sy (o; 1,)/(2m) and
I3(C) = S,(o; 1y)/(2m) where the symbol o indicates that one takes a closed loop in the
line integrals (D1). Therefore, the strategy consists in first computing the functions S,
and Sy and their partial derivatives with respect to C,, (which have the form of open line
integrals) and then to compute the action variables I, and their derivatives with respect
to C, by “closing" the integrals.

Partial differentiation of Sy with respect to (Cy) = (m, E, L, L) and taking into
account the relation pg = L? — K(¢) with the functions K (¢) defined in Eq. (25)
yields

as dv
o0 _ —a%im/cos2 O —, (D2)
am Py

1%
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38y L dv
0 _ay (L, — ayEsin? 9)—, (D3)
oE P
Yo
05y _ / (L, Esin?9)—— v (D4)
—da Sln

oL, " sin 9py

Yo
3S dv
| = (D5)
dL )2

Yo

Similarly, taking into account the relation V2 = R(r) with R(r) defined in Eq. (28), one

obtains
38, 2d
- / rdr. (D6)
am 14
(V,Pr)
08, _ (r? +a%)(r’E —aHIzZ)d_r’ o)
IE A %
(rspr)
a8 2E —ayl,d
T (DS8)
L, A 1%
(V,Pr)
35S, d
r— | £ (DY)
aL %
(r,pr)

For the following, we express these integrals in terms of Legendre’s elliptic integrals. We
find it convenient to work in terms of the dimensionless quantities defined in Eq. (B1).

Polar integrals. We start with the computation of the polar integrals, determined by
the generating function Sy (J; 1) and its partial derivatives with respect to (Cy) =
(m, E, L,, L). For this we set ¢ := cos ¥ and write

2 2 Mpm 2
Py =L"—K@)=|— q(%), (D10)
sin ¢
with the polynomial
g(0) = a?(1 — e}t — (AZ +2aBeh + a2) 24220 = B, (D11)
Since ¢(0) > 0 and ¢(1) = —Ag < 0, this polynomial has two positive roots 1, 2

satisfying 0 < ¢1 < 1 < {2, and the motion is restricted to the interval [—¢7, ¢1] which
corresponds to [, 7 — 1] in terms of the polar angle. Writing ¢ (¢) = «?(1 —&%)(¢% —
¢ f)({ Z_ ;22) one finds that the roots satisfy the relations

A2 +2aBek +a?
a2(1 —¢&?)

221 — B2

T 2(1—¢%)’

2+if = , (D12)

(ies (D13)
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when o # 0, while in the non-rotating limit @ = 0 the polynomial ¢ has the single

root ¢; = +/1 — B2. In terms of the angle ¢ introduced in Egs. (66,67) one finds the
following expressions for the generating function Sy:

wW1-=p2
¢ [

1

Sy (o Ia) = Mym (PR (B, k1) — KT (1 — tHF (g, k1)

~(1 =)@ — KDL i k) (D14)

where we recall that k1 = ¢1/¢ and where the notation E, (¢, k) refers to the same

integral as in Eq. (E6) with the lower integration limit replaced with —m /2, such that

E.(¢, k1) := E(¢, k1) + E(k1), and similarly for . (¢, k1) and IT, (¢, {12, ki).
Similarly, one obtains from Eqs. (D2-D5),

Sy 0 Sy _ 1 98 _ 2 98 _ o3
T = MHGY@), T = MG @), =G, =G0,
(D15)
with the functions G*(¢) defined by
896 = —— 25 Dok (D16)
T oo T
aBiy
Gl(¢) = F. (o, k GO%¢), D17
(@) m«p D) — eGY(¢) (D17)
2 o 2
G2 (g) == Aﬁ - [aeFuo. k) =M@ 6 k) | (D18)
GH¢) = —L_Fy (e k). (D19)

Ny

In the limit 8 — =1 of equatorial orbits it follows from Eqs. (D12,D13) that {; — 0

while ¢, and ¢1/+/1 — B2 have finite limits, such that k; = 0, and in this case one finds
that G = 0 vanishes, while G!(¢) = —aG?(¢), G3(¢p) = —BG2(¢) and G2(¢) =

A (P +7/2)/ /A2 +a2(1 — 2).

In the non-rotating limit &« — O one has ¢; — /1 — % and &, — oo such that
ki — 0 which implies that G%(¢) and G'!(¢) vanish identically, whereas G>(¢) =
—BIL(¢, 1 — $7,0) and G*(§) = ¢ +71/2.

Radial integrals. Next, we compute the generating function S, (y,; I,) and its partial
derivatives with respect to C,,. For this, recall that

V2 =R(r) = (Er’ —apgL.)* — A(r)(m*r® + L?). (D20)

As discussed in the previous appendix, for (m, E, L,, L) € €2 the polynomial on the
right-hand side has four real roots r;, i = 1, 2, 3, 4, satisfying the inequalities

O<m<r_<ry<r4<r <rn. (D21)
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Recalling the definitions of the elliptic integrals in Eqs. (ES-E8) (see also Eqs. (E1-E4)
and (E9,E10)), the integrals in Egs. (D6-D9) can be expressed in terms of the 7 -periodic
angle x introduced in Eqgs. (62,63) and the quantities b, k and C defined in Egs. (64) as
follows:

S, 0 S, . S, 5 S, 3
= MyH (), = MyH'(x), —L =H3(x), — =H(x),
o #H(x) ¥a aH (x) oL, 69) Y3 )
(D22)
with the functions H*(x) defined by'®
C
HO(x) := 3 {(xax124 — x1x2)F (), k) + (x1 — x3)(x2 — x)E(x, k)
+(x1 — x4)x1234T1(x, b2, k)
L )( O } (D23)
——= X1 —x3)(x2 — X))
2 T T A T n? X

2 _
H!(x) :=2C {[(xj4_(8;4)(xf€kj_) — %aﬂ){| F(x, k) +e(x) — x4 (x, b, k)

X1 — X4 [ x+(8x3 —afr)

M(x, b2, k) — (+ < —)}} — eH'(x),

Xy —x— L (1 —xp) (x4 — x4)
(D24)
2 —afr x| — X ex? — afh
H2(x) = —aC | — 0~ g gy O 4[ +
0 “ { (x4 — x4) (x4 — x-) (. 4) Xy —x— [ (1 — x4)(xq — x4)
Mo b3k = o )} (D25)
H?(x) == —ACF(x. k), (D26)
where we have set
by = |2 TTE, (D27)
X1 — X+

Note that in the non-rotating limit « — 0 or the limit of equatorial orbits § — =+1 it
follows that x3 — 0. It is also possible to compute the generating functions S, itself.
Based on the observation that

Sr(yrs Wum, pE, Lo, L)) = Sy (yr; Im, E, L, L)) (D28)
for all © > 0, which is a manifestation of the weak equivalence principle, one obtains
the relation

a8, aS, aS, aS,

S, (yy;I(m, E,L,, L)) = +EL L 2 L
rpilm, By Loy L) = me s+ Erp + L + Lo

: (D29)

16 These functions are related to the functions H, H and Hy introduced in [30] for equatorial orbits, in
which case x3 = 0 and x4 was denoted by xg. In fact, when S, is restricted to L = :I:iZ = +(L; —akE),
the partial derivatives of S, with respect to (m, E, L;) obtained from Eq. (D22) are found to agree with the
corresponding expressions in Eq. (A7) of Ref. [30].
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which allows one to compute S, from Egs. (D22,D23-D26). After some simplifications
based on the identity (C5) one finds

MymC
Sr(vrs lo) = 11-1;;: {(x1 —x4)(x2 — x0)F(x, k) — (x1 — x3)(x2 — x4)E(x, k)
2 1 sin(2y)
+0r1 = x4)(123a = DI D7, k) + 5 (01 = x3) (2 —m)m
_2)’;1 :;C“ [(rr —x3) (2 — x)TT(x, b3, k) — (+ < —)]} : (D30)

Appendix E: List of Relevant Elliptic Integrals

In this appendix we briefly summarize some of the elliptic integral expressions that are
relevant for the results in this article. The starting point is the fourth-order polynomial

Rx) = (x2 —x)(x —xp)(x — x3)(x — x4),

where we assume that the four roots are real and ordered such that x3 < x4 < x1 < x2.
Introducing the constants

X4 — X3 X2 — X|
k.= ——b, b= |—,
X1 — X3 X2 — X4

satisfying 0 < k < b < 1, the variable substitution

. X —X] X2 — X4
X = arcsin , x| < Xx < X2,
X0 — X X — X4
leads to
dx dy = 2

=C . Ci= :
VR(x) V1= k2sin? x V(x1 = x3)(x2 — x4)

From this, one obtains the following integral expressions (see [37,59,60] for more de-
tails) which are valid for x; < x < xp:

x dy )
=CF(x, k), El
Jm (x., k) (ED)

=é[x4F(X,k)+(x1 —X4)H(X,b2,k)], (E2)

24 c
> &) S Leaxiog = xin)F (k) + (o1 = x5) (2 = x)E (. K)

+(x1 — x4)x1234T1(x, b2, k) — (x2 — x1) (x1 — x3)

COoS x sin x . o
—L = /1 —k?sin , E3
1 — b2sin? x X] E3)
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r 1 dy ¢ |: X] — X4 2 i|
= F(x, k) — I(x, by. k) | . E4
/y—XO VRG) x4 —xo (. ) X1 — X0 (x. b &) =D

X1

where here we have abbreviated x124 := x| + x2 + x4 and x1234 1= X1 + X2 + X3 + X4, X0
is an arbitrary real constant smaller than x4,

[X4 — X0
by .=, |—Db,
X1 — X0

and where Legendre’s integrals F, IE IT and D are defined by [61]

¢
F(¢, k) ::/d—e, K(k) :=F(r/2, k), (ES)
, 1 — k2 sin?
¢
E(¢, k) :=/ 1 —k%sin20d0,  E(k) := E(/2, k), (E6)
0
¢
(¢, b, k) ;=/ a9 (k) := (/2. k), (E7)
T ) V1= k2sin26(1 — b2 sin26) o
sin? 6do
D@, k) = | ——m——, D) :=D(7/2,k). (E8)
1 —k2sin%0

From Eq. (E4) one also obtains the integrals

/x 1 dy _é{ F(x. k)
O —x)( —x) VRO | (s —x0) (s —x2)

_ 2
_-xl X4 |: H(X7b+sk) N (+(_) _):|} ’ (E9)
Xy — x| (01 — x0) (x4 — x4)

/x y dy_ _ é{ FGLK)
O =0 =) VRD | =) —20)
X1

_ 2
XXy [ xI(x, by, k) “ o _)“ ’ (E10)
Xy — x| (01 — x0) (x4 — x4)

for arbitrary 0 < x_ < x; < x4.

Index

P, q): variables on reduced phase space r (Eq. 107)
Cy: constants of motion (Eq. 42)

E: particle energy (Eq. 12)

Eps: energy of marginally stable orbits (Page 12)

Fy, F1, F>, F3:  integrals of motion (Eq. 15)
H(x, p): free particle Hamiltonian (Eq. 2)
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Jo:
K():
L:

L;:

Lys:
MH, ay.
P,:

o
R(r):
S(yx; 1a):
U(t):
Wi(r):
X,Y:

generalized action variables (Eq. 45)

potential for the polar motion (Eq. 25)

square root of Carter constant (Eq. 14)

azimuthal angular momentum of a particle (Eq. 13)

square root of Carter constant for marginally stable orbits (Lemma 4)
Kerr black hole mass and rotation parameter (Eq. 7)

integrals of motion corresponding to C,, (Eq. 42)

generalized angle variables (Eq. 47)

polynomial associated with the radial motion (Eq. 28)

generating function (Eq. 48)

propagator describing the Liouville flow (Eq. 113)

auxiliary functions relevant in the factorization of R(r) (Eq. 40)
special vector fields in the Kerr spacetime (Eq. 9)

Hamiltonian vector field associated with H (Eq. 2)

Hamiltonian vector fields generated by the integrals of motion F,
(Proposition 2)

Kerr metric function A(r) =r2 — 2Mpyr + a%{ (Eq. 9)

relativistic one-particle phase space (Eq. 1)

unique connected component of I'y, g, 1. 1 which lies entirely in the
exterior region r > ry (Proposition 3)

a dense subset of I" on which X is integrable (Proposition 2)
phase space corresponding to spatially bound future-directed timelike
geodesics which are confined to the exterior region (Eq. 41)
invariant subset of I" of constant C = (m, E, L., L) (Eq. 16)

range for the constants of motion corresponding to bound orbits (Propo-
sition 3)

symplectic form on cotangent bundle 7*M (Page 6)

Poincaré one-form on T*M (Eq. 5)

dimensionless rotation parameter (Proposition 3)

ratio L./L (Eq. B1)

Derivatives of Carter constant with respect to action variables (Eq.
98)

volume form on I" (Eq. 6)

reduced phase space (Eq. 110)

volume form on I’ (Eq. 110)

abbreviation for o /1 — 82 (Eq. C31)

dimensionless square root of Carter constant for spherical orbits with
dimensionless radius x (Eq. B12)

fundamental frequencies associated with the azimuthal, polar
and radial motion, respectively (Eq. 97)

Kerr metric function defined by 02(r, ) =r?+ a%{coszﬁ (Eq.7)
dimensionless energy for spherical orbits with dimensionless
radius x (Eq. B13)

particle rest mass (Eq. 11)

expression for the radial momentum (Eq. 37)

polynomial associated with the polar motion (Eq. D11)

angle variables associated with the azimuthal, polar and radial motion,
respectively (Eqgs. 100-102)

radii of inner and outer horizons (Eq. 7)
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Fmax radius of maximum of potential (Lemma 4)

Fims: radius of marginally stable orbits (Lemma 4)

Tph' radius of photon orbits (Lemma 4)

Xmb- dimensionless radius of marginally bound orbits (Page 54)

Xms: dimensionless radius of marginally stable orbits (Page 54)

Xph dimensionless radius of photon orbit (Page 54)

A: Jacobi matrix of the fundamental frequencies with respect to the action

variables (Eq. 114)

B Jacobi matrix of (!, n%, n*) with respect to the action variables (Eq.
114)

K: Carter constant (Eq. 14)

L.: shifted azimuthal angular momentum L, — ag E (Eq. 38)
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In this paper, we study the linear stability of self-interacting boson stars in the nonrelativistic limit of
the Einstein-Klein-Gordon theory. For this purpose, based on a combination of analytic and numerical
methods, we determine the behavior of general linear perturbations around the stationary and spherically
symmetric solutions of the Gross-Pitaevskii-Poisson system. In particular, we conclude that ground state
configurations are linearly stable if the self-interaction is repulsive, whereas there exists a state of maximum
mass that divides the stable and the unstable branches in case the self-interaction is attractive. Regarding the
excited states, they are in general unstable under generic perturbations, although we identify a stability band
in the first excited states of the repulsive theory. This result is independent of the mass of the scalar field and
the details of the self-interaction potential, and it is in contrast to the situation of vanishing self-interaction,

in which excited states are always unstable.

DOI: 10.1103/PhysRevD.109.104011

I. INTRODUCTION

The Einstein-Klein-Gordon system constitutes a nonlinear
field theory that allows regular and localized configurations
that do not disperse in time [1,2]. These configurations are
usually referred to as boson stars [3-9], and their theoretical
existence is possible due to the equilibrium between the
repulsive “pressure” of the scalar field and the attractive
nature of the gravitational interaction. In its simplest
realization, the Klein-Gordon equation consists only of
the kinetic and the mass term, although boson star solutions
also exist if self-interactions are included [10-19].

The phenomenological relevance of boson stars depends
crucially on their stability properties. Spherically symmet-
ric ground state configurations are known to consist of a
stable and an unstable branch [20] divided by the state
of maximum mass [21]. This holds true in absence of
self-interactions, as well as for the theory with a quartic
self-interaction potential A|¢|*, and has been established
through a combination of semianalytic studies of the
linearized equations [20,21] and numerical simulations
[22,23] of the fully nonlinear field equations in spherical
symmetry. Regarding the excited states, there exist different
studies in the literature with different conclusions. On the
one hand, in Ref. [24], Jetzer argues that for the spherically
symmetric excited states, there also exist stable and
unstable branches that are divided by the state of maximum
mass, similarly to what happens for ground state configu-
rations, although his analysis relies on a pulsation equation
that is singular at the nodes. In Ref. [25], Lee and Pang use
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different analytical arguments to conclude that, on the
contrary, excited states are unstable, at least in absence of
self-interactions. Finally, based on numerical evolutions of
the spherically symmetric Einstein-Klein-Gordon equa-
tions, Balakrishna et al. [26] have confirmed that excited
configurations are unstable, even if quartic self-interactions
are considered. Full 3D numerical evolutions are currently
available and lead to similar conclusions regarding the
stability of boson stars under generic perturbations (for
details, see, e.g., Sec. 4 of [7] and references therein).
However, in a series of recent papers, Sanchis-Gual et al.
[27] and Brito et al. [28] have argued that if the self-
interaction is repulsive and strong enough, excited boson
stars may be stable. Their conclusion is based on the
numerical evolution of perturbed boson stars in the spheri-
cally symmetric sector of the fully nonlinear Einstein-Klein-
Gordon theory with quartic self-interactions. In particular,
they find excited configurations in which no apparent
instabilities are manifest during the time span of the
evolution, indicating that these states are either stable or
are unstable with a large time scale associated with the
unstable modes. Of course, the restriction to spherical
symmetry leaves open the possibility that such excited
states, although stable with respect to radial perturbations,
suffer from instabilities with respect to generic perturbations.
The purpose of this paper is to shed new light on
the stability problem of excited boson stars in the self-
interacting case. For this, we concentrate on the Newtonian
limit of the theory, where the complications of relativistic

© 2024 American Physical Society
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effects are absent and which, as we show, allows for a
systematic study of this problem in the linearized case.
In the nonrelativistic limit, the Einstein-Klein-Gordon
system reduces to the Gross-Pitaevskii-Poisson [8,29,30]
or the Schrodinger-Poisson [31-33] system, depending on
whether or not the theory includes a self-interaction term.
The Gross-Pitaevskii-Poisson system 1is particularly rel-
evant for the study of axion dark matter candidates (see, for
instance, Refs. [34-43]), and it is the main target of this
paper. In galaxies, and leaving the central region apart
(which is baryon dominated), visible matter moves at
velocities that are much smaller than the speed of light,
signaling that it might be sufficient to describe dark matter
haloes using Newtonian physics. In addition, since the
axion potential is nonlinear [44], self-interactions are
indeed expected to play a relevant role.

In particular, our study is based on some analytic and
numerical methods that have been previously developed to
analyze the linear stability of the equilibrium configurations
of the Schrodinger-Poisson system [45,46]. When applied to
the Gross-Pitaevskii-Poisson system, we obtain that spheri-
cally symmetric ground state configurations are stable if the
self-interaction is repulsive, in analogy to what happens in
the non-self-interacting case, and there exists a state of
maximum mass that divides the stable and the unstable
branch in the case of an attractive self-interaction [12,13].
This is similar to what happens for relativistic nonself-
interacting boson stars, although it is important to stress that
the existence of a maximum mass state is now determined by
the attractive self-interaction and not by relativistic effects.
Furthermore, our analysis allows us to consider generic
linear perturbations and is not restricted to the radial case.

Regarding the excited states, our study reveals that,
even if they are, in general, unstable, there exist configu-
rations belonging to the first excited state that remain
stable under generic linear perturbations when the effects
of a repulsive self-interaction become significant. More
specifically, for the solution space that we have explored
in this paper, if the self-interaction is attractive, as well as
in absence of self-interactions, spherically symmetric
excited boson stars are unstable under radial perturbations
and hence generically unstable. However, in case that the
self-interaction is repulsive, there exist excited configu-
rations that remain stable under radial perturbations, at
least for the first two excited states that we have consid-
ered. The existence of radially stable excited states is
consistent with the results reported in Refs. [27,28], as
will be discussed. Furthermore, we extend this analysis
to consider generic perturbations that do not necessarily
respect the spherical symmetry of the stationary states and
conclude that only a small region in the solution space
corresponding to the first excited states remains stable
under generic perturbations.

In this paper, we work in natural units where c = 7 =1
and use the (—,+,+,+) signature convention for the

spacetime metric. For convenience, we sometimes
express Newton’s constant G in terms of the Planck mass,

Mp =1//G.

II. SELF-INTERACTING SCALAR FIELDS

Our starting point is the Einstein-Klein-Gordon theory
for a complex scalar field ¢ (¢, X) of mass m, and quartic
self-interaction A|¢|*. This theory is described in terms of
the action

S[gu- &) :/d“x\/—_g(ﬁR—i—EM), (1a)

which consists on the Einstein-Hilbert term with matter
sector

Ly ==V, V¢ — mi|p* = Alg|*. (1b)

As usual, g is the determinant of the spacetime metric s
R is the Ricci scalar, and ¢* denotes the complex
conjugate of ¢, with |¢|? its modulus square. The coupling
constant 1 is dimensionless and can take both signs,
depending on whether the self-interaction is repulsive
(4> 0) or attractive (4 <0). In case that 1 vanishes,
we recover a theory with no self-interactions, where the
scalar field is only coupled to gravity. For illustrative
purposes, we have restricted ourselves to a quartic self-
interaction, although our conclusions are independent
of the potential, as we clarify in the next subsection
and the Appendix A.

A. Nonrelativistic limit

In the nonrelativistic regime we are interested in, it is
. . . . . 1
convenient to write the spacetime line element in the form

ds? = =[1 4 2®(t,X)]dr* + [1 — 2¥(t,X)]6,;dx'dx!, (2a)

and decompose the scalar field into

——=e "y (1, 5), (2b)
2]’}10

P(1.X) =
where ®(7,X) and ¥(z,X) are the gravitational potentials,
and y(t, X) is the wave function. In the nonrelativistic limit,
the different quantities scale as 0, ~€'/20; ~emy, ® ~ ¥ ~ €

and y ~ \/Mlz,lmoe, with € a small positive number.

'Equation (2a), which is expressed in the Newtonian gauge,
codifies only the scalar degrees of freedom of the gravitational
field [i.e., for fixed ¢, the fields ®(z, X) and ¥(z, X) transform as
scalars under spatial rotations]. Vector and tensor modes do not
couple to nonrelativistic matter, and we have not included them
here for simplicity.
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Introducing the decomposition (2) into the action (1) and
working to the lowest orders in € we arrive at

S[@, W, y] :/dt/d3x [ﬁm(ch—lp)

0o 1 2
it — A=y ? )y —my @y [?|.
+y <lat+2m0 4mglwl )1// my wl}
(3)

where A refers to the three-dimensional flat Laplace
operator. In order of appearance, the first term of this
equation describes the gravitational field, the second term
the matter sector, and the last one the interaction between
the two. Note that there are no time derivatives of the
gravitational potentials in the action of Eq. (3). This is a
consequence of the fact that gravity is not dynamical in the
nonrelativistic limit.

Equation (3) is cubic in the small parameter €, except
for the self-interaction term, which contains four powers
of €, which suggests that its effect is negligible for small
field amplitudes. However, this term is multiplied by the
coupling constant A, which indicates that it starts to
contribute when the amplitude of the field is sufficiently
large, such that € ~ m3/(AM3,). This allows us to introduce
the self-interaction parameter

M
2amf’

(4)

which is dimensionless and measures the “strength” of the
self-interaction. Note that, given that m, is expected to be
much smaller than the Planck mass, the parameter A is
naturally large. In Appendix A, we argue that Eq. (3) is, in
fact, valid for potentials V(¢), which are more general than
the quartic self-interaction one.

The variation of Eq. (3) with respect to the wave function
y results in the Gross-Pitaevskii equation [47,48]

.0 1 A
tal; = o AV + ", WPy + moldy,  (5a)
whereas the variation with respect to W yields (after
integration by parts and discarding boundary terms)
A(® —¥) = 0. Assuming that ® and ¥ vanish at infinity,
this implies that ® = W. Finally, variation of Eq. (3) with
respect to @ results in the Poisson equation

AU = 4zGmyg|y|? (5b)

for the gravitational potential ¢/ := ® = ¥. The =+ signs in
Eq. (5a) make reference to the repulsive (4) and attractive
(—) cases. We will refer to the system of equations (5) as
the Gross-Pitaevskii-Poisson system. Note that if the

self-interaction term vanishes, i.e., A = 0, this reduces to
the more familiar Schrodinger-Poisson system.

The nonrelativistic action, Eq. (3), is invariant under time
translations, which means that the evolution of the system
is not affected by shifts in the time parameter 7. Associated
to this symmetry, we can define the total energy of the
configuration,

1 zA 1
— v 2:|: 4 _ 2 d3
£ /(—2m0| ] 0, ly| +2moU|w|> x, (6)

which is conserved during the evolution. In addition, Eq. (3)
is also invariant under continuous shifts in the phase of the
wave function, y — ei“I//, with a a real constant, which
results in the conservation of the particle number

N= / WP, 7)

Other conserved quantities associated with the Galilei group
do exist; however, they will not be used in this article. For a
systematic study of symmetries and conserved quantities
for A = 0, see Refs. [49-51].

B. Reformulation in terms of dimensionless quantities

In this section, we formulate the Gross-Pitaevskii-
Poisson system in a more convenient form. To proceed,
we introduce the dimensionless quantities

_ 2m _ 2m
= TO s X = —A]/g X, (Sa)
_ A 7[A2 1/2
U:=—=U, o= . 8b
2 v (2M12>1m0> v (8b)

In terms of these new variables, the Gross-Pitaevskii (5a)
and Poisson (5b) equations simplify to

oy

lE:

(A £y + Uy, (92)

AU = |y

2 (9b)

where we have omitted the bars in order to simplify the
presentation (from now on, we will denote dimensionfull
quantities with the superscript phys whenever necessary).

Equivalently, Eq. (9) can be expressed as an integro-
differential nonlinear equation

Loy s
i~ =Ry, (10)

where we have defined the dimensionless operator

Hy) = -4+ |y> + A (jw]?), (11)
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and where for a generic function f(X), we have introduced

A_l _ f(y 3
% —yl

(12)

Note that in terms of the variables (8), the parameter A
disappears from our equations; hence, all possible values of
the coupling constant 4 can be explored at the same time,
implying that our results do not depend on the strength of
the self-interaction.

In terms of the dimensionless quantities, the conserved
energy functional (6) EPYS[yPYs] = (M2, / (moA327)|E[y]
can be expressed in the form

Ely] = Tly] £ Fln]

=Dln.nl.  n=ly’.  (13)

where the functionals 7', F, and D are defined by

1= [ Ww@pd (14a)
Fln) = [ n@pas (14b)
Din, n] :=ﬁ//%d3yd3x. (14c)

Furthermore, the first and second variations of the energy
functional are given by (see Appendix B of Ref. [45] for
some details on a similar calculation)

58 = Re(H(y )y, o), (15a)
%€ = Re(H(y)y. ) + (H(w)dy, 6y) + 2F[5n]
—2DIén, én], (15b)

with 6n :=2Re(y*Sy) and (y,¢) = [w*¢pd’x denoting
the standard L>-scalar product between y and ¢, such
that (y,w) = N.

III. STATIONARY STATES AND THEIR
LINEAR STABILITY

In this section, we focus on scalar field configurations
of the form

y(1.X) = e *6l0(3), (16)

where 6 is a real-valued function of ¥ and E a real

constant.” Introducing this ansatz into Eq. (10) we arrive at
the nonlinear eigenvalue problem:

*Since the operator H(c\”)) is real, in the sense that
H(oO )y = (H(cV)y)*, there is no restriction in demanding
that 6% is real valued.

A~

Ec") = H(6©)6®. (17)

The integro-diferential equation (17) determines the sta-
tionary solutions to the Gross-Pitaevskii-Poisson system.
The stability of these solutions is determined by the
behavior of the small deviations about Eq. (16). To proceed,
we linearize the integro-differential equation (10) following
the procedure presented in Refs. [33,45]. With this in mind,
we propose the following ansatz for the wave function

y(t.X) = e o0 (X) +eo(r.X) + O(e?)],  (18)

where € is a small positive parameter. Here, (E,6()) is a
solution of the nonlinear eigenvalue problem (17), and
o is a complex-valued function depending on (#,X) that
describes the linear perturbation.

Introducing the ansatz (18) into Eq. (10), one obtains, to
linear order in e,

a re A
a‘j (K9 — E)o + 260 k[c®Re(c)],  (19)

with the linear operators H(®) = H(5(*)) and

K:=41+A" (20)

To separate the temporal from the spatial parts of o, we use
the mode ansatz (see also Sec. 5.2 in [52] for details):
o(t.%) = [A(X) + B()]e” + [A(X) - B(X)]"e".  (21)
where A and B are complex-valued functions depending
only on X and A is a complex constant [not to be confused
with the self-interaction coupling constant 4 of Eq. (1b)].
Substituting Eq. (21) into Eq. (19) and setting the coef-
ficients in front of ¢*'’ and e* to zero, we arrive at

ilA = (H — E)B, (22a)

i2B = (HY — E)A + 260K[6©4].  (22b)
This system constitutes a linear eigenvalue problem for the
constant 4. Notice that linear instability is signaled by the
existence of solutions with a positive real part Az of 4.
The lifetime of the unstable configurations is expected to be
of the order of #j;, ~ 1/A%™, with A™** the eigenvalue with

the largest real part.

A. Basic properties of the stationary states

Next, we present some basic properties satisfied by the
solutions of Eq. (17), based on a simple scaling argument
similar to the one used in Ref. [53]. In Sec. IV B, these
properties will be used to shed light on the stability of
stationary states in the attractive case.
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To explain our scaling argument, recall that stationary
states are critical points of the energy functional (13),
assuming that the particle number N = (y, ) is fixed. To
show this, we may use Eqgs. (15a) and (17), which imply
that stationary states (16) satisfy 6€ = ERe(c?), 5). On the
other hand, since N is fixed, 0 = Re(y, dy) = Re(6'?), 5),
which implies that 6€ = 0.

Now, let v > 0 be an arbitrary real and positive parameter
and (7, X) a given wave function. Consider the rescaled
function

w, (1, X) =13y (1,0%), (23)

which leaves the particle number invariant: (y,,y,) =
(y,w). Under this rescaling, the energy functional (13)
transforms as

Elw,| = V*T|y] £ V*F[n] —vD|n, n], (24)
and the first and second variations of E[y, | aty,_; = y are
d
9 gly)| = 27ly) £ 3F ] - Dfnnl, (250
d2
el =27y) + 6Fln). (25b)

In particular, if y is a stationary solution, the first variation
is zero, which yields the relation

D[n,n] = 2T|y| £ 3F|n]. (26)

This expression is valid for any stationary solution and
allows one to eliminate D[n, n] in the energy functional and
compute the energy for such states solely in terms of T[]
and F[n] according to

Ely] = -Tly] ¥ 2F|n]. (27)

This expression implies that the energy of the stationary
states is always negative in the repulsive case. In the
attractive case, it follows from Eq. (24) that [y, ] is not
bounded from below, since it can be made arbitrarily
negative by choosing v large. According to Eq. (25b),
the critical point at v = 1 corresponds to a local minimum
of &ly,] if T—3F >0 and to a local maximum if
T —3F < 0. It follows from these observations that in
the attractive case, a stationary state y cannot be a (local)
minimum of the energy functional if 7 < 3F, that is, when
the self-interaction term dominates the kinetic term.

B. Basic properties of the linearized equations

We close this section by reviewing some properties of
the solutions to the system of Eq. (22) that describe the
behavior of linear perturbations. These properties and their

derivation are completely analogous to the ones reported
in [46]; hence, we only mention the most relevant ones.

First, note that there always exists the zero-mode
solution (4, A, B) = (0,0, ﬂa(o)), with # an arbitrary com-
plex constant. This corresponds to the trivial perturbation
that rotates the real function ¢(X) into the complex plane,
resulting in a new configuration (¢, X) that is indistin-
guishable from (16).

Second, the solutions to the Eq. (22) appear always
in quadruples; that is, if (1,A,B) is a solution, then
(=1,A,—B), (1*,A*, —B*) and (—1*, A*, B*) are also sol-
utions. This implies that the eigenvalues A appear always in
the form {4, —4, 4*, —=A*}. Linear stability requires that all
eigenvalues A are purely imaginary. In the remainder of this
work, we shall count the number of unstable modes by the
number of eigenvalues with distinct real part. Hence, when
both the real and imaginary parts of A are different from
zero, we count the pair of eigenvalues 4 and A* as one
unstable mode, although they may belong to two linearly
independent eigenfunctions.

Third, from Eq. (15b), we obtain the following expres-
sion for the second variation of the energy functional,

52€ = (6w, [HY) — E|sy) + 2F[6n] — 2D[6n,5n],  (28)

which is quadratic in dy. Note that we have used the
second variation of (y,y) = N = const to eliminate the
term containing &%y, and recall that 6n = 2Re(y*dy).
The second variation of the energy functional 5°€ is related
to the linearized equations in the following way:
Multiplying Eq. (22b) by A* and Eq. (22a) by B* and
integrating, one obtains

iA(A. B) = 8E[Ag) + S2E[A,), (29a)

iA(B.A) = (B.[H" — E|B), (29b)
where Ap, A; denotes the real and imaginary parts of A,
respectively, and 6>E[Ag] is given by Eq. (28) replacing sy
with Ag. The right-hand sides of the previous equations are
real; thus,

-22|(A,B)]> €R. (30)

Finally, if A is real, one can choose A real and B
purely imaginary. Eliminating iAA on the left-hand side
of Eq. (29a) and using Eq. (22a), one gets

—(B.[HY — E|B) = 82E[A]. (31)

Equations (29)—(31) are useful to rule out the existence
of certain unstable modes. For example, consider a sta-
tionary state for which E is the ground state energy of the

Schrodinger operator ). Then, (B.,[H”) — E]B) >0 with

104011-5



EMMANUEL CHAVEZ NAMBO et al.

PHYS. REV. D 109, 104011 (2024)

equality if and only if B lies in the kernel of H*) — E. This
immediately excludes the existence of modes with 1z # 0
and A; # 0 since in this case, Eq. (30) would imply that
(A, B) = 0, and then one could infer that A = B = 0 using
Egs. (22) and (29b). If, in addition, this state is a local
minimum of the energy functional, such that 5°€ is positive
or zero, then unstable modes with 4; = 0 are also ruled out
since in this case, Eqs. (22) and (31) imply that A = B = 0.
These arguments show that stationary ground state con-
figurations can have only real or purely imaginary 4 and
that real eigenvalues are excluded if these configurations
are a local minimum of the energy functional &.

Similar arguments will be applied to exclude other types
of unstable modes in the next section.

IV. STATIONARY AND SPHERICALLY
SYMMETRIC SOLUTIONS

For the remainder of this article, we focus on stationary
solutions which are spherically symmetric, i.e., 6(?(X) =
o9 (r). In the next subsection, we discuss the background
(unperturbed) solutions, whereas some properties of the
linearized perturbations are discussed in subsequent sub-
sections. A detailed study of the linear stability based on a
numerical analysis is presented in Sec. V.

A. Background configurations

Instead of solving directly the integro-differential equa-
tion (17), for a numerical analysis, it is more convenient to
work with the original Gross-Pitaevskii-Poisson system (9).
Introducing the harmonic ansatz (16) into Eq. (9)
and defining the shifted potential u(©)(r) = E —U(r),

the dimensionless Gross-Pitaevskii-Poisson equations take
the form

Ao = (ig(Oﬂ - M(O))g(0>, (32a)

Au® = -2, (32b)

where A, = %5—:2 r denotes the radial Laplace operator.

The system of equations (32) must be solved for some
appropriate boundary conditions. Regularity at the origin
demands 6% (r=0) =0y, 6!V (r=0)=0, u ) (r=0) = u,,
and % (r = 0) = 0. (Here and in the following, the prime
refers to derivation with respect to r.) Then, given u, the
central amplitude of the field o, is fine-tuned using a
numerical shooting methodology based on the condition
lim,_, 0(r) = 0 at spatial infinity, which is required for the
solution to be localized.

The system (32) is solved numerically using an adaptive
explicit 5(4)-order Runge-Kutta routine [54-56], where we
rewrite the equations as a first-order system for the fields
(69, u(®). For the shooting, we use a methodology similar
to the one described in [32], based on bisection.

Some representative solutions of the stationary and
spherically symmetric Gross-Pitaevskii-Poisson system
are shown in Figs. 1 and 2 for the ground (n = 0) and
the first excited (n = 1) states, respectively.

In these figures, the mass of the configurations MP"* has
been calculated as their particle number Eq. (7) times the
mass my of the individual particles, which leads to MPYS =
(M3, (4xmgAYV2) M, where M :=4x [@[60(r)?r?dr is
the dimensionless mass. Note that, formally, the radius of a

1.01 n=>0
—— GPP repulsive
0.8 1 — SP
—— GPP attractive
0.6
s
()
0.4 1
0.2 1
0.0 1
0 5 10 15
r
FIG. 1.

Ground state configurations: Stationary and spherically symmetric solutions of the Gross-Pitaevskii-Poisson system with no

nodes (n = 0). Red (blue) lines correspond to the repulsive (attractive) case, and we have included the solutions to the Schrodinger-
Poisson system (black lines) for reference. Left panel: the profile of the wave function ¢(°) (r) for a central value of unity, o, = 1. Center
panel: the effective mass of the configurations Mgy as a function of the effective radius Rg9. Right panel: the magnitude of the energy
eigenvalue |E| as a function of the central amplitude o,. The dots in the last two panels correspond to the configurations of unit
amplitude. For o, — 0, the effects of the self-interactions become negligible.
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0.6 - — GPP attractive 2.0
S & 151
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0 5 10 15 2 12 22 32 0.0 0.5 1.0 1.5 2.0
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FIG. 2. First excited state configurations: Same as in Fig. 1 but for the stationary and spherically symmetric solutions of the Gross-

Pitaevskii-Poisson system with one node (n = 1).

boson star extends to infinity, and for that reason, we have
defined the effective radius Rg9 as the one encompassing
99% of the total mass of the configuration, Mqg9. On the
other hand, the energy eigenvalue EP™S = [2m/A]E asso-
ciated with the state 6(°’(r) can be computed from the
formula (see Appendix C in Ref. [45] for more details)

E=up— A 60 () rdr. (33)

As expected, the profile of the configurations expands
(shrinks) if the self-interaction is repulsive (attractive),
as can be appreciated in the left panels of Figs. 1 and 2.
Furthermore, in the repulsive case, the configurations
become more compact as we increase the value of the
central amplitude, as also occurs for the stationary and
spherically symmetric solutions of the Schrodinger-Poisson
system, whereas in the case in which the self-interaction
is attractive, there exists a state of maximum mass corre-

‘max

sponding to a central amplitude 610\499 ; see the central panel
of Figs. 1 and 2 and Refs. [12,13,18]. Finally, it is also
interesting to stress that in the limit 6, — 0, the attractive
and the repulsive configurations approach the solutions to
the Schrodinger-Poisson system; see the central and right
panels of the same figures. This implies that the effects of
the self-interactions become negligible in the limit of low
amplitudes, as is also apparent from the Gross-Pitaevskii-
Poisson system (5).

In Fig. 3, we plot the total energy £ of the configurations
as a function of the total number of particles N for the
ground and first two excited states. Note that the energy
functional (6) consists of three terms: The first of them is a
consequence of the “quantum pressure” and is positive
definite. The second one is associated with the self-
interaction and can be positive or negative, depending
on whether the self-interaction is repulsive or attractive,
respectively. Finally, the last term is associated with the

gravitational interaction, which is attractive and negative
definite. It is interesting to note that in the repulsive case, as
well as if there are no self-interactions, the total energy is
negative definite, and its magnitude increases with the
number of particles. Furthermore, for a given value of N,
the energy also increases with the number of nodes 7 in the
configuration. This allows us to label the number of the
excited states with n, as is usually done. However, this
behavior changes for the case of an attractive self-
interaction, where, for a given n, there is a state of
minimum energy (which coincides with the state of
maximum mass), and from this point onward, the energy
increases up to positive values.

B. Stability properties based on a scaling argument
(attractive case)

Recall from Sec. III A that in the attractive case, a
stationary configuration cannot be a local minimum of the
energy functional if 7 — 3F < 0. When the central value of
the scalar field o) is small, the configurations resemble the
ones of the Schrodinger-Poisson system, and hence, the
self-interaction term F is negligible, such that 7 > 3F is
expected to hold. In contrast, as o, grows, the influence
of the self-interaction becomes more pronounced (see
Figs. 1 and 2), and one expects 3F to surpass the value
of T after some critical value of o,.

The plots in Fig. 4 show that these expectations are
indeed fulfilled. Interestingly, the critical value of o for
which T — 3F = 0 seems to coincide with the maximum of
the mass in the center panels of Figs. 1 and 2. As will be
discussed in the next section, when this critical value is
surpassed, the number of unstable modes grows by one.

For completeness, Fig. 5 shows the behavior of the
energy functional under the rescaling (23) and illustrates
that stationary states with positive (negative) values of
T — 3F represent a local minimum (maximum) with respect
to this particular variation.
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FIG. 3. The energy & of the states as a function of their number of particles N: Relationship between the energy functional (27) and the
particle number N for states with zero, one, and two nodes in the repulsive, non-self-interacting and attractive cases. Note that in
the attractive case, the number of nodes n does not necessarily label the number of the excited state. The shaded regions represent the
stability bands with respect to generic linear perturbations discussed in Sec. V.
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FIG. 4. The combination 7" — 3F as a function of the central amplitude o for different values of the node number 7 in the attractive
case: Configurations with a negative value of T — 3F correspond to stationary states that represent critical points of the energy functional
that cannot be local minima, and hence, they are expected to be unstable. The stars denote the maximum mass configurations at

max

M . .
6y =0, " ; see also Fig. 5, which complements these plots.

C. Decomposition of the linearized system iMA = (ﬁ(LO) — E)Bpy. (35a)
into spherical harmonics

Since the background solution is spherically symmetric,
the linearized equations can be decoupled into a family of
purely radial systems by expanding the perturbations in R .
terms of spherical harmonics Y*¥. In particular, the field  with the operators H(LO> and K; defined by
A(X) can be expanded as

iABpy = (7:[(L0> — E)Apy + 209K, [60A,y],  (35b)

HO = A, £ 602 4 ATH(602), (36a)
AR) =D A (r)Y™M(9.9), (34)
m K, =41+ A7, (36b)
and similarly for B(X). This reduces Eq. (22) to the
following system: where A == A;—L(L +1)/r* and
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FIG.5. Scaling the energy functional as (¢, X) = v°

(¢, vX) for attractive ground state configurations: The energy functional £y, ]

as a function of v for three ground state configurations. Left panel: stationary state with oy = 0.19 < agm’ax giving T = 0.558 and
F = 0.047. This state could be a local (but not a global) minimum of the energy functional and hence could be stable. Center panel:

‘max

stationary state with o) = 1.0 = 63/199 giving T = 5.641 and F = 1.887. This state resembles a saddle point of the energy functional.
Right panel: stationary state with 6y = 1.89 giving 7' = 11.411 and F' = 5.282. This state cannot be a local minimum of the energy

functional and is expected to be unstable.

[eS]

L
r<
1/,,L+1f<

0

AT ) (r) = — P)idi,  (37)

with r_ = min{r,7} and r. := max{r,7}. Note, in par-
ticular, that A, = A; .

In the next section, this system will be solved numeri-
cally for L =0,1,2, .... Before doing that, however, we
prove that no unstable modes are present if L is large
enough, which, in principle, reduces the numerical analysis
to a finite number of L values.

D. Nonexistence of unstable modes
for sufficiently large L

In this subsection, we show that if the orbital angular
momentum L of the perturbation is large enough, then there
are no unstable modes. The arguments below generalize
the ones in Sec. IV.C of Ref. [46] to include the self-
interaction term.

Using the estimate (E8) for D[én, 6n] in Appendix E of
Ref. [46], one obtains from Eq. (28) the inequality3

1
8%E > 5 (Véw, Véy) + (8yr, [£60% + Uy — E|oy)

— C(8y/f.ow/f) £ 2F[on], (38)

where UO A~1(|6D)?), €, > 0 is a positive constant,

and f(X):=+/1+ |X|*. In the repulsive case, the term
+2F [5n} on the right-hand side of Eq. (38) is positive and

*Note that the left-hand side of Eq. (E8) in [46] should read
D|[én, 6n] instead of D[6u, Su].

hence can be discarded without altering the inequality. In
the attractive case, we use the estimate |6n|* <
which implies

Flon] < max[(1 + [3*)ly (X)*)(w/f. 8w/ f).  (39)

Since || is smooth and decays exponentially to zero as
|X| = oo, the maximum is finite. Therefore, the negative
term —2F[n] on the right-hand side of Eq. (38) can be
removed after making the constant C; larger.

Based on these results, we can prove that §°€ is positive
definite for sufficiently large values of the orbital angular
momentum L. To this purpose, we expand Sy in spherical
harmonics

Sy = huy(r)YHM (9, ). (40)

Substituting this in expression (38) and discarding the
terms that involve |A},,(r)|*, one gets

525>Z{/ | By (r |2{$—C1]d1f
+ A oo|hLM(r)|2[:ta(0>(r)2+U0(r)—E]r2dr}. (41)

First we look at the integrand in the second line and observe
that the function g(r) := [+6'%(r)? + Uy(r) — E]r* satis-
fies g(0) = 0 since ¢(¥ and U, are regular at the center,
whereas ¢(r) is positive for large enough r. This implies
(since Uy is continuous) that g(r) has a minimum; that is,
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g(r) > C, for all r >0 for some negative constant C,.
Using these properties, the estimate (41) yields

525>Z/ |y (r |2[$—C1+C2 dr. (42)

Therefore, 6*& is positive definite if /1, is identically zero
forall L with L(L +1)/2 — C; 4+ C, < 0. This proves that
the second variation of the energy functional is positive
definite on the subspace of perturbations with large enough
values of L.

Now we can prove the nonexistence of unstable modes
for large L. We proceed by contradiction. If 4 has real and
imaginary parts different from zero, then Eq. (30) yields
(A, B) =0, and in this case, Eq. (29) and the positivity of
52 imply that A = B = 0. On the other hand, if A is real,
Eq. (31) leads to a contradiction since the right-hand side is
positive, whereas the left-hand side is negative for suffi-
ciently large values of L.

V. NUMERICAL STUDY OF THE LINEARIZED
SYSTEM

To find the eigenvalues A of the system (35), we use the
methodology described in Refs. [45,46], for which it is
convenient to write the system of equations in a more
appropriate form. For this, we define the new rescaled
functions ay (r) == rApy(r) and by (r) = rBry(r), in
terms of which the system (35) reduces to
= —iﬂaL,

by F |6 b, + USth, (43a)

ayl + Usfa; F 3|69 Pa,

—2a6 <j: L(Lrij)> [6©a;] = —idb,. (43b)

Here, we have introduced the effective potential
Ust(r) = u®(r) = L(L +1)/r?, and the operator
(@*/dr* — L(L +1)/r*)~' = rA7'r7! denotes the inverse
|
0
DR, F 323 + UST — 203 (D} — L)'=,

where here 0 represents the (N — 1) x (N — 1) zero matrix,
with N the number of Chebyshev points distributed as

x; = cos(jz/N), j =0,1,...,N. The quantities

%, = diag (5 (x1), 60 (x), ..., 61 (xN—l))’
Ui = diag (U5 (x,), U (x2), ... UF" (xn-1)),
L(L+1 L+1 L(L+1
L:= diag( ( :_ ), ( j_ ) e (2+ )>
X X AN-1

of rA;(r~!) with homogeneous Dirichlet boundary con-
ditions at r = 0 and r — oo. Given that the system (35) is
independent of the magnetic quantum number M, we have
omitted this label in Eq. (43).

These equations must be solved for some appropriate
boundary conditions. To determine these conditions,
one can study (heuristically) the dominant terms near the
origin and at spatial infinity. Near r = 0, the equations are
dominated by the centrifugal term L(L + 1)/r* of the
effective potential US", which means that regular solutions
at the center must behave as (a;, by ) ~ (rF*!, rL+1). This
leads to the following boundary conditions at the origin:

ap(r=0)=0, by (r=0)=0. (44a)
On the other hand, in the asymptotic region, the radial
profile of the background field 6(*) () decays exponentially
to zero and u%)(r) approaches E. This implies that the
fields (a;,b;) must vanish at infinity,

lima; (r) =0,

r—0o0

limb, (r) =0 (44b)

in order to have solutions with finite total energy.

To numerically solve the system (43) with the
Dirichlet boundary conditions (44), we employ the follow-
ing approach: First, the background profiles ¢(°)(r) and
u®(r) are computed following the method described in
Sec. IV, and they are extended to large values of r using the
procedure described in Sec. III.A of [45]. Second, these
background profiles, as well as the perturbed fields a;, b,
and the different operators, e.g., the derivative and its
inverse, are discretized in terms of Chebyshev polynomials
using a standard spectral method (see, e.g., Ref. [57]),
which leads to a finite-dimensional eigenvalue problem.
For details of the numerical discretization procedure, we
refer the reader to Sec. IV of Ref. [45].

The discrete version of the system (43) can be written as

D} ¥ 22 + Ut <aL> :_M<aL>
0 by b, /)’

[
are the discrete representation of the background quantities
and centrifugal term, respectively, and the discrete operator
Dy is defined in [45]. The vector

(ZZ) = (ag (x1), ..,

represents the eigenfields (A, Bry)?. We solve the
discrete eigenvalue problem (45) using the SciPy library [54].
Our code is publicly available in [58].

(45)

ar(xn-1), br(x1), ... bL(xN—l))T
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FIG. 6. Spherically symmetric perturbations: The real part of the frequency A as a function of the central amplitude o, for perturbations
with L = 0 in configurations with n = 0, 1, and 2 nodes. The existence of modes with a real positive part of the frequency indicates the
existence of an instability. The different color shades correspond to different unstable modes, and for reference, we have included dotted

vertical lines in blue to indicate the state of maximum mass 6, * in the attractive case. The circles denote our numerical results, whereas

the dashed lines represent the scaled results of the n unstable modes reported in Ref. [46] for the Schrodinger-Poisson system. For the
repulsive and the attractive cases, we use straight solid lines to connect the numerical results and improve the visualization. Ground state
configurations (n = 0) are stable for any value of the amplitude if the self-interaction is repulsive, or if there is no self-interaction, and

they are unstable for large enough amplitudes (6 2 6, * =~ 1.0) if the self-interaction is attractive. Excited states (n # 0) are in general

unstable, although certain bands of stability in the amplitude o, appear if the self-interaction is repulsive.

In the following subsections, we present the results of the
eigenvalue problem, first for the ground state configura-
tions and then for the excited states.

A. Ground state

As we have discussed in previous sections, the Gross-
Pitaevskii-Poisson system describes three possible scenar-
ios: one characterized by the absence of self-interactions
(where the Gross-Pitaevskii-Poisson equations reduce
to the Schrodinger-Poisson system), another where the
self-interaction is repulsive, and a third scenario where the
self-interaction is attractive.

For ground state configurations (n = 0), we have found
that, for the explored range of the parameter space
O<oyp<10, 0<L<12 for the repulsive and
0<o0g<5, 0<L L6 for the attractive case), the first
two scenarios exhibit a similar behavior under linear
perturbations. In particular, the configurations are always
stable under spherically symmetric perturbations (L = 0),
as can be appreciated from the left panel of Fig. 6.
Furthermore, nonspherical perturbations (L # 0) do not
either exhibit unstable modes that grow in time, at least for
L <12, as can be seen in the left panel of Fig. 7 for L =1
and the left panel of Fig. 8 for other values of L in the
repulsive case. The results corresponding to the scenario
without self-interactions are consistent with those reported
in [46] and coincide with the repulsive and the attractive
cases in the limit oy — 0.

Contrary to the first two scenarios, the case with an
attractive self-interaction presents ground state configurations

that are unstable under radial perturbations (L = 0). More
precisely, we found unstable modes with A > 0 when
oy 2 1; see the left panel of Fig. 6. This gives rise to a family
of solutions that is stable for 65 < 1 and unstable for o = 1.
Interestingly, the division between the stable and unstable
states seems to coincide with the maximum mass configu-

ration at 6y = ag/lgngax ~ 1. This is consistent with the turning-
point principle; see Refs. [59-61], the Appendix C2 of
the published version of [62], and in particular Ref. [21]
for a discussion in the context of relativistic boson stars.
Regarding nonspherical perturbations, no unstable modes
appear when L = 1, as is appreciated from the left panel of
Fig. 7. Based on a more extensive study within the afore-
mentioned parameter range, we found no unstable modes for
L > 0, as can be seen from the left panel of Fig. 9.

B. Excited states (spherical perturbations)

The excited states of the Schrodinger-Poisson system
are known to be unstable under radial perturbations [33].
However, in presence of self-interactions, our analysis
(carried out in the range 0 < o) < 14 with 0 <L <12
and 0 <L <6 in the repulsive and attractive cases,
respectively) reveals an interesting pattern of stability
and instability bands, with a particular relevance for the
case where the self-interaction is repulsive. Our study
focuses on the first two excited states (n = 1 and n = 2)
of the Gross-Pitaevskii-Poisson equations; however, we
expect that the behavior discussed below will continue to
be valid for higher excited states.
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FIG. 7. Nonspherical perturbations (L = 1): Same as in Fig. 6 but for perturbations with L = 1. The ground state (n = 0) is always
stable under such perturbations, no matter if the self-interaction is attractive, repulsive, or absent. Excited states (n # 0) present stability
bands for the repulsive and attractive cases.

=
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O N WER UL I 0O

FIG. 8. Stability band structure (repulsive case): The shaded regions in red represent, for different values of L in the interval from
0 to 12, the amplitudes o for which the system posses unstable modes. Lighter (darker) colors indicate the presence of one (two)
unstable mode(s). Note that the ground state (n = 0) does not present unstable modes for any value of ¢, or L, so we can conclude that it
is stable. In contrast, the first excited state (n = 1) presents a common stability band in the interval 1.55 < 6y < 2.07, whereas this band
is empty for the second excited state (n = 2).

GPP attractive ] n=1 : n=2
n=>0

g0

FIG. 9. Stability band structure (attractive case): Same as in Fig. 8 but for the attractive case. Note that the common stability band is
empty for the first and second excited states and that no unstable modes are found for L > 3. Note also that for n = 2 and L = 2, there
are two unstable modes in the interval 0 < ¢ < 0.1, although they are barely visible.
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The central and right panels of Fig. 6 present the results
obtained for radial perturbations. As can be observed, there
exist unstable modes with A > 0 in the attractive, the
repulsive as well as in the non-self-interacting case. In the
first and third cases, we have identified an unstable band that
spans all values of the central amplitude o, that we have
explored. For the nth excited state, this band consists of n
unstable modes that grow exponentially in time. In the
attractive scenario, for one of these modes, 1z grows rapidly
as oy increases, signaling that the solutions have a lifetime
that is much shorter than the state with the same central
amplitude in the non-self-interacting theory. Indeed, in
absence of self-interactions, one observes a linear relation-
ship between the real part of the mode(s) frequency Az and
the central amplitude 6. This relationship arises from an
inherent scaling freedom in the Schrodinger-Poisson system.
For further details regarding this symmetry, we refer the
reader to Refs. [32,45]. The dashed lines represent the scaled
results of the n unstable modes reported in Ref. [46], while
the dark circles denote our numerical results. As can be seen,
both sets of results are in agreement.

A more interesting pattern appears for the repulsive
scenario, in which the unstable radial modes cover only
localized intervals of o, resulting in stability bands where
Az = 0% see the central and right panels of Fig. 6. It’s worth
noting that, unlike ground state configurations, the boun-
dary between stable and unstable solutions is not deter-
mined by a maximum mass state. The relation of these
results with those of Refs. [27,28] will be discussed in the
conclusion section and Appendix B.

C. Excited states (nonspherical perturbations)

Next, we address the problem of what happens to the
stability bands of the previous subsection when nonspherical
perturbations are considered. Specifically, the relevant ques-
tion is whether unstable modes with L > O appear inside
these bands, which would imply that the configurations are
unstable with respect to generic linear perturbations.

The central and right panels of Fig. 7 show unstable
modes with L = 1 appearing in certain intervals of o,
giving rise to new stability bands. Interestingly, such bands
appear in the repulsive as well as in the attractive case,
whereas for L = 0, they only occurred in the former case.
Further stability bands arise as L increases. The central and
right panels of Figs. 8 and 9 show the different stability
bands (white regions) for different values of L. Notice that
for high enough values of L, the stable band covers entirely
the region of the parameter space we have explored, which
is compatible with the result obtained in Sec. IV D.

Furthermore, it is interesting to compare the colored
regions of instability shown in Figs. 8 and 9 for small

“Note that the occurrence of such localized stability bands is
excluded in the non-self-interacting case due to the aforemen-
tioned rescaling freedom of the Schrédinger-Poisson system.

values of oy. In this limit, the self-interaction term of the
Gross-Pitaevskii equation (5) is subdominant, which would
lead to all scenarios being equivalent (see the overlapping
region in Figs. 1 and 2). As a consequence, one observes
from Figs. 8 and 9 that in the limit 6, — 0, the instability
bands (including the number of unstable modes) transit
continuously to the corresponding instability bands belong-
ing to the configurations of the Schrodinger-Poisson
system. For the particular cases n = 0 and n = 1, we refer
the reader to Fig. 4 of Ref. [46] for the case # = 0 where
the respective regions of instability for the Schrodinger-
Poisson system are reported.

We conclude this section by emphasizing that only
configurations lying in the intersection of the stability
bands for all L are stable with respect to generic linear
perturbations. For n = 1, the resulting common stability
band turns out to be very narrow in the repulsive case, as
shown in Fig. 8, whereas it is empty in the attractive case;
see Fig. 9. For n = 2, there are no stable configurations,
neither in the repulsive nor in the attractive case. Similar
results are expected for higher excited states.

VI. CONCLUSIONS

In this paper, we have analyzed the impact of a self-
interaction potential on the linear stability of boson stars,
with particular interest on the excited states. In absence of
self-interactions, it is known that excited boson stars are
unstable, as has been confirmed using semianalytical
techniques, both in the nonrelativistic [33] and the rela-
tivistic [25] regimes, and numerical simulations [26,33].
This has led to the belief that this result is general and holds
true in the presence of a self-interaction potential, as has
been observed using numerical evolutions of the spheri-
cally symmetric Einstein-Klein-Gordon equations in the
Al@|* theory [26].

However, in a series of recent papers, performing a
more systematic study of the numerical evolutions of self-
interacting excited boson star configurations, the authors
of Refs. [27,28] have concluded that, for strong enough
repulsive quartic self-interaction, these configurations
remain stable under spherical perturbations, at least for
times of the order of 10*mg!.

Motivated by these recent findings, and using a combi-
nation of analytic and numerical methods, we have ana-
lyzed the linear stability of the stationary and spherically
symmetric solutions of the Gross-Pitaevskii-Poisson sys-
tem that describes the nonrelativistic limit of the Einstein-
Klein-Gordon theory in the presence of a quartic or more
general potential term. Furthermore, we have been able to
extend our analysis to include perturbations that do not
necessarily respect the spherical symmetry of the unper-
turbed system, and in this sense, it goes beyond the radial
stability study of the excited states performed in [27,28].

In particular, if the self-interaction is repulsive, we have
found that ground state configurations are stable under
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generic linear perturbations, a result that is consistent with
the idea that these states represent a global minimum of the
energy functional for fixed particle number (cf. the left panel
of Fig. 3). For the excited states, however, there exists a
series of stability and instability bands in the central
amplitude o of the background field that depends on the
particular value of the angular momentum number L
associated with the perturbation. This series disappears for
high enough values of L, since in this case, there are
no unstable modes, as we have been able to prove. The
stability under generic linear perturbations is determined by
the common band that results from the intersection of the
stability bands associated with each different L. For the first
excited state, we have determined the existence of a common
stability band in the range 1.55 < o < 2.07, whereas this
band is empty for the second excited state. These results are
summarized in Fig. 8, and they are independent of the mass
of the scalar field and the strength of the self-interaction (as
long as they are different from zero). This is a consequence
of the fact that for the Gross-Pitaevskii-Poisson system,
mg and A can be absorbed in the dimensionless variables.
We expect a similar behavior for higher excited states.

In contrast, if the self-interaction is attractive, ground
state configurations are only stable if they are located to the
right of the maximum mass configuration in the Mgq Vs Rgg
curve (see the center panel of Fig. 1). Regarding the excited
states, and similar to what occurs in the repulsive case, for
each value of the angular momentum number L of the
perturbations, there exists a series of stability and instability
bands in the central amplitude ¢,. However, the common
stability band is empty, at least for the first two excited
states; see Fig. 9 for details. Again, similar results are
expected for higher excited states.

It is reasonable to think that the stability bands we have
found persist in the Einstein-Klein-Gordon theory, at least as
long as we are not too far from the nonrelativistic limit.
Related to this point, it is interesting to compare our results
with those reported in Refs. [27,28]. In [27], the authors
construct solutions of the Einstein-Klein-Gordon equations
for the first excited state (n = 1) and different values of
the self-interaction parameter A and frequency w, whereas
in [28], for the states n = 1, ..., 10, the frequency w is fixed,
and the self-interaction parameter is varied. In particular,
it is found in [28] that for sufficiently large values of A,
the excited states are stable under radial perturbations.
Additionally, for the case of the first excited states, stability
bands can be identified from Fig. 3 and Table 1 in [27].

Although the existence of excited stable states and the
occurrence of stability bands is compatible with the results
reported in Refs. [27,28], a direct comparison is challeng-
ing due to the relativistic effects that we have neglected in
our results. Furthermore, the fact that the Gross-Pitaevskii-
Poisson system can be rewritten in a form that is indepen-
dent of the mass and the self-interaction parameter reduces
the problem to one with a single continuous parameter

(the field’s central amplitude); hence, exploring the
solution space in the same form as in [27,28] is unnatural
in our setting. For the second excited states, a rough
comparison of our results with those of Ref. [28] is
presented in Appendix B, although it is important to
stress that, in the nonrelativistic limit, these states are
unstable with respect to generic linear perturbations (see
the right panel of Fig. 8 for reference).

Finally, it is interesting to stress that, contrary to what
happens in the relativistic theory, the conclusions that
we have presented in this paper are generic and can be
extended to other potentials different from the quartic
self-interaction one that have been analyzed in, e.g.,
Refs. [26-28]. Again, this is due to some of the peculiarities
of the nonrelativistic limit of the Einstein-Klein-Gordon
theory, as we clarify in Appendix A. Boson stars resulting
from higher-rank fields, both in the absence and presence of
self-interactions, have been explored in e.g. Refs. [63-66].
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APPENDIX A: GENERIC SELF-INTERACTION
POTENTIAL
Consider a self-interaction potential of the general form

V) =y
n=2 .

%27[1 (Al)

where v,, are dimensionless constant parameters, and M is
a characteristic mass scale. Under the assumption that the
coefficients v,, do not grow too fast such that the con-
vergence radius is different from zero, this is the most
general potential that respects the internal U(1) symmetry
and is analytic in |¢|? in a vicinity of ¢ = 0. Furthermore,
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FIG. 10. The effect of the higher self-interaction terms. The
different regimes of the Einstein-Klein-Gordon theory, showing
the scales at which the quartic self-interaction term (e¢) and the
higher-order terms (épjgher) become important. Notice the model
independence that the Einstein-Klein-Gordon theory exhibits at
scales below €pigher- This regime is characterized in terms of two
parameters: the mass of the scalar field and the coupling constant
A. For the quartic self-interaction potential, €pjghey — 00, Whereas

for a generic potential, epghe, is expected to be of order € ~ 1.

we have assumed that the constant term n = 0 is zero and
have excluded the n =1 term in Eq. (Al) since its
contribution is already included in the mass of the scalar
field m,. Note that the first term of this series corresponds
to the quartic A|¢|* self-interaction potential of Eq. (1b),
with 4 = v,4/4!; however, now we have an infinite number
of additional self-interaction terms that also contribute to
the potential energy of the field.

After introducing this potential into the action (1)
and working out the nonrelativistic approximation as we
described in Sec. II A, the self-interaction term in Eq. (3) is
modified to

A | |4 1 Vg |l//|2

am2 " 2400, mgM? " |’

(A2)

In the nonrelativistic limit, y ~ Ml%lmoe, and the
second term in the square bracket starts to contribute
to the equations of motion when €~ €yigher =

\/240v,/vs(M/Mp), which should be compared with
€sir = m3/(AM3,), which signals the onset of the quartic
self-interaction and is naturally smaller. For instance, if
M ~ Mp and all the coefficients v,, are of the same order,
then the higher orders of the potential show up at the same
scale than the relativistic effects, when € ~ ¢,y = 1. This
leads to the conclusion that the nonrelativistic limit that we
have introduced in Eq. (3) is generic and valid beyond the
quartic self-interaction theory A|¢|*. These observations are
illustrated pictorially in Fig. 10.

APPENDIX B: COMPARISON WITH THE WORK
IN REFS. [27,28]

The Einstein-Klein-Gordon action in Eq. (1) of our
paper coincides with that of Eq. (1) in Refs. [27,28]
provided we perform the following identifications: Mp =1,
my =pu and qﬁ:%d). However, there is a factor 2

of difference in our definition of the self-interaction
parameter (4); i.e., Agurs = 2Aueir- Taking this into account,
it is possible to conclude that, in the nonrelativistic limit
[cf. Egs. (8) and (16)],

”Agurq 1/2 |(I)0|
Go = [ —urs = V21 —2,  (BI
oo (2 M12>1m0 0y T A their Mpl ( )

where in this appendix, we have reintroduced the overbar to
indicate dimensionless quantities. Given that the authors of
Refs. [27,28] work in Planck units, Mp; = 1, we can relate
field amplitudes in our paper to those of Refs. [27,28]
through 6o = V27 Apeir| Do |-

In Ref. [28] it is reported that, for second excited states
(n = 2) with frequency @ = 0.92 and y = 1, the minimum
value of the self-interaction parameter for which a
configuration is stable under radial perturbations is
Ageir = 150, corresponding to a central amplitude of
approximately @, ~ 1.3 x 1072 (see Fig. 7 in [28]), which
translates to 6y ~ 4.9 in our paper. We can compare this
result with the stability bands at L = 0 that we have
identified in the right panel of Fig. 8, i.e. 2.2 <5, <2.5,
and 3 < 6y < 6.4. Even if the correspondence is only at the
order of magnitude level, it is important to stress that the
configurations with @ = 0.92 are relativistic, so we do not
expect a perfect match.

Furthermore, evidence of stability/instability bands can
be also inferred from the results presented in Ref [27]. In
Fig. 3 of this reference, the authors explore the solution
space corresponding to the first excited states (n = 1)
by varying the self-interaction parameter A and the fre-
quency w. For instance, choosing A = 75, a stability band
emerges as we decrease the frequency from @ = 0.92 to
o = 0.90, leading to excited states that are stable under
radial perturbations. However, further decrease in @ leads
again to unstable solutions. Table 1 of this reference
confirms the same pattern.
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The interaction between waves and matter in the Universe is a fundamental but very challenging
problem, since one needs to consistently solve the Einstein-matter equations in a dynamical regime. To
shed some light on this problem, we investigate the transmission of scalar, electromagnetic, and linearized
odd-parity gravitational waves in a toy model. This model consists of a static spacetime satisfying
Einstein’s field equations which is characterized by a spherical distribution of matter in the form of thin
concentric equidistant shells of equal mass which is perturbed by a linear wave. More specifically, we
assume that the central region has zero mass, and we verify that the resulting spacetime is stable with
respect to small perturbations of the shell radii as long as the gravitational field is sufficiently weak. We
focus on the transmission of monochromatic waves emitted from the center and propagating through a
succession of N shells. Analytical expressions for the transmission and reflection coefficients are obtained
and their dependency on the frequency, the number of shells and their mutual distance is analyzed. In
particular, in the high-frequency limit, we observe that the reflection coefficient decays with the fourth
power of the frequency. Increasing the number of shells initially produces oscillations in the transmission
coefficient; however, as N grows, this coefficient rapidly stabilizes at a constant positive value. We attribute
this property to the fact that reflections are mainly determined by the surface density of the shells, which

decreases as the inverse square of their radii.

DOI: 10.1103/PhysRevD.110.104064

I. INTRODUCTION

The study of wave propagation in spacetime has inten-
sified in recent years, as a consequence of the ground-
breaking experimental observation of gravitational waves
[1-3] and important advances in numerical relativity
simulations [4-6]. The detection of gravitational waves
has provided new tools to explore the Universe [7] and has
increased the interest in the propagation of waves of all
kind in relativistic spacetimes and in their interaction with
different forms of matter, see for instance Refs. [8—13].
However, in spite of contemporary advances, our theoreti-
cal understanding of the influence that matter exerts on
wave propagation is still far from complete.

Initial steps in this direction have been performed by
Esposito [14] and by Ehlers and collaborators [15,16], who
demonstrated that an ideal fluid cannot extract energy from
gravitational waves. However, when traversing a dissipa-
tive fluid, gravitational waves are expected to be attenuated
due to shear viscosity. This mechanism has been studied by
several groups in the context of cosmology, see for instance
Refs. [8,17-21]. More recently, Bishop et al. [9] analyzed

2470-0010/2024/110(10)/104064(24)
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the interaction of a gravitational wave produced by a source
surrounded by a shell of dust matter. They found that the
energy exchange is zero, in agreement with the conclusion
from the aforementioned work, and that the wave under-
goes modifications in its frequency, phase, and magnitude.
In [10] some astrophysical scenarios were proposed in
which these effects could be important, including echoes in
LIGO events or gravitational waves produced by core
collapse supernovae. The last scenario was further explored
in [11] for a viscous fluid shell, and other potential
applications such a gravitational wave heating of a shell
of matter and the damping of primordial gravitational
waves were discussed in Refs. [22,13].

In this article, we discuss an entirely different mechanism
that could lead to the attenuation of gravitational waves,
namely the scattering of waves by thin shells of matter.
These shells represent discontinuities in the spacetime
curvature and their simple structure makes it possible to
simplify the theoretical analysis of the interaction of matter
with gravitational, electromagnetic, and scalar waves. Thin-
shell models [23-27] have been applied to the analysis of

© 2024 American Physical Society
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various dynamical phenomena, including cosmological sce-
narios [28], the stability of wormholes [29,30], the study of
the behavior of shells around black holes [31-34], gravita-
tional collapse [35,36], and mass inflation [37].

More specifically, we study the propagation of scalar,
electromagnetic, and linearized odd-parity gravitational
waves through a stationary spacetime composed of thin
spherical and concentrical shells of equal mass. These
shells serve as interfaces connecting Schwarzschild space-
times of varying masses. We assume that the Israel junction
conditions [38—40] hold and that on each shell the surface
energy-momentum tensor satisfies a polytropic equation of
state. The model under study has a massless central region,
and its stability against small perturbations of the shell radii
under weak gravitational fields is examined. We focus on
the transmission of monochromatic waves originating from
the center across an array of N shells. Applying the Regge-
Wheeler (RW) equation to the case of a weak gravitational
background field and using the formalism introduced in
Refs. [41,42], we derive analytical expressions for the
transmission and reflection coefficients. These results allow
us to determine how the transmission properties depend on
the wave frequency, the number of thin shells, and the
distance between neighboring shells. In particular, we show
that the reflection coefficient tends to vanish in the high-
frequency limit and that the transmission coefficient tends
to a nonzero constant asymptotic value when the number of
shells increases. In principle, our results might be applied to
the interpretation of experimental data for waves propa-
gating through spherically distributed matter; in this case,
they could provide insight on the inner features of the
scattering mass distribution.

The treatment of linearized gravitational waves with
even parity requires a more complex analysis, since in this
case the waves interact with the shells, inducing (non-
spherical) deformations of them, and the resulting effects
need to be analyzed separately. Although the techniques
employed in this article could be generalized to describe
this situation, the resulting perturbation equations are more
complicated, and for this reason we leave it to future work.
Still, the results obtained in the present article provide a
detailed calculation for the attenuation of the outgoing odd-
parity gravitational wave due to reflections at the thin
shells. Furthermore, our findings also apply to (even and
odd) electromagnetic waves and to scalar waves. The result
for the second type of waves might be relevant for scalar
field dark matter models which have attracted considerable
interest in recent years (see, for instance, Refs. [43-46] for
recent reviews).

The remainder of this work is organized as follows: in
Sec. II we specify our background spacetime on which the
wave propagation will be studied and discuss its stability
and weak-field limit. In Sec. III we construct approximate
solutions of the RW equation for a spin § field which are
valid in the weak-field limit. Next, in Sec. IV we work out

the relevant matching conditions at each shell and introduce
the transfer matrix formalism. The resulting reflection and
transmission coefficients are computed in Sec. V and their
behavior is analyzed in detail in Sec. VI. Conclusions are
drawn in Sec. VII, where we also discuss possible exten-
sions of this work. Finally, technical issues are considered
in appendices A, B, C, D, and E.

In this work, we use geometrized units in which the
gravitational constant G and the speed of light ¢ are one,
and we use the signature convention (—, -+, 4+, +) for the
spacetime metric.

II. SPACETIME STRUCTURE, STABILITY,
AND WEAK-FIELD LIMIT

In this section we specify the field equations for a
spherically symmetric spacetime composed of a series
of N thin concentric shells with vacuum regions in
between. According to Birkhoff’s theorem, these shells
must connect Schwarzschild spacetimes of distinct masses,
and their dynamics must adhere to Israel’s junction con-
ditions [38—40] with a suitable surface energy-momentum
tensor which is assumed here to obey a polytropic-type
equation of state. The central region is assumed to be flat
(Minkowski) spacetime, see Fig. 1 for a depiction of the
spacetime structure. In particular, we determine the equilib-
rium configurations leading to a static spacetime and analyze
the stability of the resulting model. Finally, we take the
weak-field limit of our model which greatly simplifies the
subsequent analysis, and we show that the aforementioned
stability conditions are automatically satisfied in this limit.

A. Spacetime construction

Our spacetime consists of N + 1 copies of Schwarzschild
spacetimes of increasing masses 0 =my<m; <... <my.

Schwarzschile

chwarzschify
chwarzschify

mass mpy

FIG. 1. Illustration for the spacetime structure consisting of N
thin concentric shells of matter.
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The spacetimes are glued together at three-dimensional
hypersurfaces of the form X, := {r =R;(r)} with the
shells’ radii satisfying the inequalities

0<Ri(r) <Ry(t) < ... < Ry(t) (1)

for every time ¢. More precisely, the spacetime manifold is
R*, equipped with the metric

B 2m(t,r)\ , , dr? 5 s
g——(l—f)dl‘ —i—w—i-rd!l. (2)

r

In Eq. (2), t€R is the time, r > 0 the areal radial
coordinate, dQ* = d9? + sin®> 8d¢? is the standard metric
on the unit two-sphere in spherical coordinates (9, ¢), and
the mass function m(z, r) is defined as follows

m(t,r) =m;, Ri(t) <r <Rj (1), (3)

with j =0,1,2,...,N. In Eq. (3) it is understood that
Ro=0 and Ry, = co. Furthermore, we assume that
2m(t,r) < r everywhere, i.e., that there are no horizons.

The dynamics of the shells is determined by Israel’s
junction conditions [38,39], which ensures the satisfaction
of Einstein’s field equations at the interfaces Z;. In terms of
the first and second fundamental forms #,;, and K, of Z;
these conditions are

[hap) = 0. (4)
hab[K] - [Kab] = 8”Sab- (5)

In Egs. (4) and (5) we use the symbol [X] to denote the
discontinuity of any field X across the surface X, i.e.,

(X] =Xy, = Xy, (6)

with X, and X_ respectively representing the value of X on
the outer and inner border of X;. The symbols

K = h"Ky, (7)

and S,, stand for the trace of K, and for the surface
energy-momentum tensor. We will assume that S, has the
form associated to a perfect surface fluid:

Sab = (0-+p)uaub+phab’ (8)

with o, p, and u“ respectively denoting the surface energy
density, the surface pressure, and the three-velocity of the
fluid (taken to coincide with the velocity of the comoving
observers). As a consequence of the Codazzi-Mainardi
equations and Einstein’s equations, S, is divergence-free.

The first and second fundamental form of the jth shell
%;, as embedded into the metric (2) are given by

hapdx®dx’| . = —dr®> + R*dQ?, 9)

1/
K pdxedxt|, = (R + mi) d7® + Ky RdQ2,  (10)

_a =

where we have set K, = +/1 —2m_,/R + R? and sup-
pressed the index j. Here and in the rest of this paper, the
dot denotes derivation with respect to proper time 7
measured by observers which are comoving with the
shells, rather than Schwarzschild time ¢. Introducing the
expressions (9), (10) into Egs. (4), (5) yields, after some
manipulations [25,33,38,47]

= ' -1, (11
.
6;=-2-"2(c;+p;), (12)
J Rj J J
where we have abbreviated
my, = 47R50;. (13)

To close the system, one needs to specify an equation of
state for the surface fluid. In this work, we propose a
polytropic-type equation of state, for which

O = Orest,j + Oint,j» (14)

with vanishing pressure associated with the rest energy
Presij = 0, and a pressure associated with the internal
energy of the form

Pint,j = QOipy j- (15)

In the previous equation « is a constant which takes the
same value for all the shells. In Sec. II B and 11 C we will
analyze the range of the physically acceptable values of a.
We require o, ; and oy, ; to be positive. Note that the
dominant (and hence also the weak) energy condition is
satisfied if |a| < 1 (see, for instance Sec. IX. 2 in Ref. [48]).
It follows from Eq. (12) that the surface energy density
evolves in time according to

6;(7) = Orest,j(0) (gg ) g Gin;(0) (%) e

(16)

After substituting this expression into Eq. (11) one obtains
the equation of motion for the jth shell which has the same
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form as the equation for a one-dimensional mechanical
particle in an external potential. In what follows we
explicitly derive the form of this dynamical equation and
determine the equilibrium points and their stability.

B. Equilibrium configurations

In this subsection we determine the conditions under
which the shells are in equilibrium (so that the resulting
spacetime is static) and, furthermore, they are stable with
respect to small radial perturbations. We shall denote the
radii of the static shells with the italic symbols R; and
introduce the new variables z; := R ;/R;. Using Egs. (11),
(16) we can rewrite the jth shell’s equation of motion as

R3zZ: +V(z;) =0, (17)
with the effective potential

+32 —-\2
Vi(z)=1- 1-%%

(arest.j + aint,jz_za)z _ [(kj_)z - (kj»)ZP
Z2 16(arest,j + aint,jz_za)z
(18)
To simplify the notation, in Eq. (18) we have introduced

the dimensionless variables dyey j = 2R Greg j> Qingj =
27[Rj0-int,j’ and

2m;_ 2m,
k= 1= e 1220 (19)

The equilibrium points are determined by the conditions
V;(1) = V’(1) = 0. After performing some tedious but
straightforward calculations, one obtains

k/_ - k;r = 47[Rj(6rest,j + Uim,j)y (20)

k- k+ _ O-rest,j + Gint.j
I Grest,j + Gint,j(l + 40()

(21)

Since k;.—L < 1, the constant a in Eq. (15) must be positive,

a > 0. The physical content of equilibrium conditions (20)
and (21) will be discussed in Sec. I D, where the weak-
field limit is considered.

C. Stability

The stability of the static configurations with respect to
radial fluctuations of the shells can be determined by
analyzing the sign of the second derivative of the effective
potential V; at the equilibrium point. More precisely,
the condition V’/(1) > 0 guarantees stability. In our analy-
sis of the stability of spherical shells connecting two
Schwarzschild spacetimes we follow the previous works

on the subject [25,27,32]. Computing the second derivative
of V; and using the equilibrium conditions (20), (21) to
eliminate a.y ; and aj,; leads to

- 2 —\2 -
k[ky (k) + (k) +kj+kj.

2 2(kf k;)?

Vi(1) =2+42a~-(1+4a)
(22)

This expression allows one to determine the stability
region in terms of the two parameters kji which satisfy
0<kf <kj<1. In the weak-field regime, k; =
€ =m;/R;, and a short calculation gives

_ mj +m; 2
vi(1) f(2a—1)—j+(’)(s ), (23)
which is positive as long as @ > 1/2. In the limit k7 = k;r,
which corresponds to shells with vanishing surface energy
density, one finds that the second derivative is positive if
and only if @ > 1/2 and

[/ 3
ki< 1. 24
[ +da 10 = 24)

Finally, in the limit k7 = 1 one finds that V(1) > 0 if and
only if @ > 1/2 and

14+ 4/2(142
M<k}<l. (25)

1 +4a

Figure 2 shows the stability regions for different values
of a.

D. Weak-field limit and specific model

To avoid mathematical complications which could
obscure the physical results, in what follows we shall
restrict ourselves to spacetimes with weak gravitational
field and whose shells have surface energy dominated by
their rest component, i.e.,

2m:
M« 1, (26)
R;

Oint,j <K Opest,j- (27)

As shown in the previous subsection, the conditions (26),
(27) ensures that the configuration is stable as long as
a > 1/2. In this limit, Egs. (20) and (21) reduce to the
much simpler conditions

m;—m; | = 47[R?O-rest,jv (28)
Pj
Orest,j
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FIG. 2. Stability regions within the triangular zone 0 < kj <

k;r < 1 (in gray) associated with physically allowed realizations
for a static shell in the (k7,k;) plane. The solid black line
ki = kj+ corresponds to the limit of shells with vanishing surface
energy density. Stable shells lie in the region above the colored
dotted, dashed, or dash-dotted curves, indicated here for values of
a equal to 3/5, 3/4 and 1, respectively. The bottom panel shows
an enlargement of the top panel, to make the stability regions
more visible.

The first condition has an obvious interpretation; it states
that the masses m; and m;_; differ by the total mass of the
Jjth shell. The second condition originates from the require-
ment of hydrostatic equilibrium, and it can be derived using
purely Newtonian arguments (see Refs. [27,33] and
Appendix A for a more detailed discussion).

From now on, we shall focus on a system of thin
equidistant shells of equal masses. We would like to stress
that our techniques make possible to analyze models of a
more general nature; however, we restrict our attention to
this specific case for the sake of simplicity. Hence, we
assume that the masses m; and radii R; are of the form

for j =1,2,...,N. The positive constants Am, AR, and R,
in Eq. (30) are required to satisfy the conditions

Am Am
— <1, — << 1, 31
R, AR (31)

for consistency with the weak-field limit (26). It follows
from Egs. (28) and (29) that

Am (2j—1)(Am)?
P= =, 32
O-rest.] 477,'R3 p,/ 1671'R3 ( )

for j =1,2,...,N. For large j the ratio p;/6e ;, which is
proportional to the temperature of the shell, and the
compactness ratio 2m;/R; are given by

A
lim -2 = 2™ o, (33)
jo® 0y 2AR

2m; A
lim 4 — 2™ . (34)

The first condition implies that we are working in the low
temperature limit, whereas the second one allows us to
consider spacetimes with an arbitrarily high number of
shells within the weak-field approximation. For large N,
these shells have compactness ratio and temperature
approaching a constant value as j becomes large. In
contrast to this, note that the surface mass density decays
as 1/j* for large j. This property will turn out to be
important when we analyze the transmission of waves
through a large number of shells (see Sec. VI).

To sum up, Eq. (30) defines a static spacetime consisting
of N spherical concentric and equidistant shells of equal
mass. Provided conditions (31) are satisfied, this spacetime
is stable with respect to small fluctuations of the shells’
radii and the gravitational field is weak everywhere. In the
rest of this article we shall study the propagation of linear
waves emanating from the central region.

III. APPROXIMATE SOLUTIONS OF
THE REGGE-WHEELER EQUATION

The propagation of scalar, electromagnetic and linear-
ized gravitational waves in a spherically symmetric space-
time background is described by the RW equation [49]
and its generalizations (see, for instance, Refs. [50,51] and
references therein). The RW equation is a wave-type
“master”” equation for a gauge-invariant field ® from which
the original (scalar, electromagnetic, or linearized metric)
field can be reconstructed. In this section we construct
explicit monochromatic incoming and outgoing solutions
of the RW master equation assuming a background
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spacetime of the form considered in the previous section
and depicted in Fig. 1. Since the RW equation belongs to
the confluent Heun class (see, for instance [52]), it is in
principle possible to construct exact solutions which,
however, present a significant interpretative challenge when
one considers the nature of incoming and outgoing waves at
infinity. For this reason, we adopt a different approach in
this article: we focus on the weak-field limit and perform an
expansion of the incoming and outgoing solutions in terms
of 2m/r. For a Schwarzschild spacetime, such an expan-
sion can be worked out in a systematic way and leads to a
convergent series when done appropriately [53]. However,
for the purpose of this article it is sufficient to consider only
the zeroth and the first-order terms in 2m/r, since higher-
order corrections have already been neglected when taking
the weak-field limit in Sec. II D.

When decomposed into spherical harmonics, the RW
master equation for a field of spin § propagating on the
spacetime background (2) reads
{02 0

o <1 - Zmr(r)> (f("ﬂ; V- 52)2mr—§r))]

x (1, 7) = 0. (35)

In Eq. (35), £ > S denotes the total angular momentum of
the field and we do not label the field ®, with the magnetic
quantum number m since it does not enter the equation. The
number S takes the values

0 scalar,
S:=< 1

2 odd-parity linearized gravitational,

electromagnetic, (36)

and r, is the tortoise coordinate, defined as

r, = [Ur (1 _ZmT(x)>_ldx, (37)

with an arbitrary constant r, > 0. Note that in Egs. (35)
and (37) we have written m(r) rather than m(z, r) since the
spacetime is static. We will stick to this convention in the
rest of the paper. Since the mass function vanishes in
the central region we can take ry = O; evaluation of the
resulting integral yields

+2§ log (RkH _2mk> +2 1og< ro2m, >
r.=r my —_— m; — ),
=1 Rk—2mk / RJ—2m]

(38)
for R; < r < R;;;. In Eq. (38) and in the rest of this paper,

we adopt the convention that a sum is zero if the upper
bound is smaller than the lower one. Hence, r, = r inside

the first shell (0 < r < Ry) and r, = r+ 2m, log(R’]_fz”r";l)
in the region R; < r < R, between the first and second
shell. Note that r, is a continuous function of r; however, its
first derivative jumps at each shell.

In what follows, we represent the solution to Eq. (35)
as a sum of incoming (P~ ,) and outgoing (® » ) wave

functions, with respective amplitudes A, and Y,

(I)f(t, I") = qu)\‘f(t, I") + qu)/vf(t, I‘). (39)

In the next four subsections we construct these functions
in the region between two shells, where m is constant,
whereas the matching conditions for the function @, across
the shells are worked out in Sec. IIT E.

A. Perturbative setting

As mentioned above, we construct the functions ®x_,
and @ », using a perturbative approach based on the
method developed in [53]. We follow closely the presen-
tation and notation introduced in [41,42]. However,
whereas the last two references only consider the cases
S=7¢=2and S = ¢ = 0, here we generalize these results
to arbitrary values of S and 7.

As a first step, we change the Schwarzschild coordinates
(,r) to the new coordinates (z,p), defined by'

Ti=t—r,+7, pi=T. (40)
This allows one to rewrite the RW master equation (35) in
the form

2m
L,y (1,p) = —75’@”(7,/)), (41)

where L, denotes the (spherically reduced) wave operator
in flat spacetime,

? o L+
L= 2 Al )
‘T o op? + p? (42)

and the operator 5 is defined as

o 9\2 1[/a o\ 1-8
==+ —= (= += . (4
. <57+0/)> /)(01+0p>+ P’ “3)

The representation (41) in which the small parameter 2m/p
appears on the right-hand side of the equation allows one to
seek the outgoing solution in the form

@ r) = sl + 3 () mclen). (4

'Note that these coordinates are related to the outgoing
Eddington-Finkelstein coordinates (u,r) = (¢t —r,,r).

104064-6



WAVE PROPAGATION THROUGH A SPACETIME CONTAINING ...

PHYS. REV. D 110, 104064 (2024)

In Eq. (44) R is a typical radius (R ~ R; for our problem),
the functions g , are to be determined, and % -, is the
outgoing solution of the flat wave equation which is
constructed in the next subsection. Substituting the
ansatz (44) into Eq. (41) results in an infinite hierarchy
of wave equations

R
Ligre = _;ng—l,f’ k=1,2,3,..., (45)

with gy == h » . As stated previously, in this work we only
solve the first of these equations.

B. Flat spacetime outgoing solution

The flat spacetime outgoing solution can be generated
from a smooth function U, depending only on (minus)
retarded time —u=r,—t=p—1. For £ = 0 it is sufficient
todefine i » ,(z,p) =Uy(p—7), since LoUy(p—7)=0. For
¢ > 0 the solutions can be obtained by successive appli-
cation of the “creation” operators a;, where

o 7 s o 7
ap=—+— a,=——+— 46
=5t Al (46)
satisfy
*? L(f+1)
asaay,, = apa; = ~7 +(p2» (47)

from which it follows that L,aLal ,---a} =

alal,_, ---a}Ly. Therefore, the function
h o (t.p) = apay_y -+ aiUs(p = 7)
S\t p aga " Uolp —
¢ -
¢+ k (—1)’/” d=*
= Uolp—7) (48)
Z e

satisfies the flat wave equation L,h -, = 0.

Similarly, incoming solutions can be constructed by
changing the sign of 7. For the next subsection the
following solution will play an important role

. 1
K, (t,p,x)=d\a’ - al———
o(7,p,x) %1 1(1+p+x)2
Z ZK k k+1) 2p k+2
p)‘+? (¢—k)! T+p+x)

(49)

Using the binomial identity

P ll4k £ 1+
Z( ):( p), p=0.12,.... (50
k=0 k

p

it is not difficult to verify that

2 +1)! 1

0 0
(a‘[ + 9 )KK(T psX) s - 212 pf+3 ’ (51)
from which one obtains the following identity
¥ 26+ 1)1U,(p—1)
Ea/KAﬁ@xﬂ%@ﬁh:— 7 ;ﬂs . (52)
p—T

valid for any smooth function Uy(x) which is bounded for
x — oo. This identity will be useful in the next subsection,
when computing the first-order correction terms.

C. Outgoing solution including first-order
correction terms

The first-oder correction term g, , is determined by
Eq. (45) for k = 1, that is,

R
Lrgie = _;Bh/.fv (53)

where h » . is given by Eq. (48). Using Eqs. (43) and (48)
one finds
Bh/' f(Tvp)

fzf: (4k)! k(k+2)+1-8 d/*
k(£ ~k)! (=2p)c  dp’k

Up(p—1).
p?

(54)
Motivated by this form and the results in Sec. 5.2 of

Ref. [41] and the appendix in Ref. [42], we propose the
following ansatz for g; »(z,p):

gl,f<r,p>—R(¢f<np>+ﬂ °°Kf<r,p,x>uo<x>dx), (55)

-
where
o CU . o
2k + 1)! (=2p)FFT dpF ’

the integral kernel K, is given by Eq. (49), and the
constants f and y,; need to be adjusted. Substituting this
ansatz into Eq. (53) yields f = 1 and y, o = 0, whereas the
remaining constants are obtained from the recurrence
relation

2k(£ 4 k—1)!

N - 7 k2_s2
Y= e )

+ (=) +k+Drer-r,

(57)
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fork=1,2,...

,Z. Using the previous results, one can write the outgoing wave solution as

q)/',f(f» p)
k=0

p (£ =R)(=2p)

The terms in the first line include the first-order correction
in 2m/R from the curvature of the background and

4 (¢ +k)!
=07 { [k!(f—k)! *

m_ Yex 1 df_kU( )
p (k+ D)1 (—2p)Fdp™* 0¥ 77
m2¢ —k)!(k+1) [ dy 2m\ 2
|
) e
=/ 7 dy, p=0,1,2,... (64)
I

obey Huygens’ principle, whereas the terms on the second
line describe the leading-order effects from the backscatter.
Notice that these terms are present for all £ > S; hence
backscatter is always present for linear waves of spin §
fields on a Schwarzschild background. For dipolar electro-
magnetic radiation, =S =1 and one finds y, o = y;; =0,
whereas for quadrupolar linearized gravitational waves one
has £ = § = 2, and therefore

720 =722 =0, Y21 = —0, (59)
and Eq. (58) coincides with the outgoing solution on page
6735 of Ref. [41].

In what follows, we consider a monochromatic plane

wave of frequency w, for which the function U, is given by

(60)
such that

if e—io(t=p) — e—iw(r—r*)'

N

Ug(p—17) = (61)

Substituting this into Eq. (58) and expressing the result in
terms of the original coordinates (7, r) yields the outgoing
solution

D@ (t.r) =X 5 ,(r), (62)

with

__ lwr, ¢ ( + ) mn v !
X p(r)=e Z{ [kv( k)! Jr7(k fkl)!] (2sr)*

(2f (k+1) o
AN N SVE 2
r(¢— )'(2sr) 2 ( sr)
1m0\ 2
+ O(—m) : (63)
r
where we recall that s = —iw and where E » refers to the

generalized exponential integrals, defined by [54][pg. 185]

They are holomorphic for Re(z) > 0, finite for Re(z) > 0
when p > 2, satisfy the recurrence relation

PE,1(2) = €7 —zE,(2), (65)

and behave as E,(z) ~ e™*/z for z = co.
This concludes our discussion of the outgoing solution
including the first-order correction terms in 2m/r.

D. Incoming solution including first-order
correction terms

Taking advantage of the fact that the RW equation (35) is
invariant with respect to the inversion of time ¢ — —t, the
incoming solution ®x_, can be obtained from the outgoing
one as follows:

(D\f(l‘, }") = (I)/Vf(—l‘, }") = €_imtX/v.f(l"). (66)
Therefore, the incoming solution is obtained by replacing
X » ¢ by its complex conjugate. Note that in Eq. (66) we use

the symbol ( -) to denote the complex conjugate. We shall
follow this convention throughout this paper.
Accordingly, Eq. (39) can be rewritten in the form

(1, 1) = "X (1),
Xo(r) = NeXx o(r) + e X 5 (1) (67)

with X » , given by Eq. (63) and
Xx o(r) =X s (r). (68)

E. Matching conditions at the shells

So far, the incoming and outgoing solutions have been
constructed in the regions between the shells, where m is
constant. Here, we discuss the matching conditions that
allow one to join the solutions at the shells. We shall use
the symbol X, ;(r) for the solution (67) within the region
R; < r < Rj;, and we will represent the amplitudes of the
corresponding in- and outgoing waves with A, ; and T ;.
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Note that the total mass inside this region is m = m;. The
matching conditions are understood best when looking at
the RW equation (35) in terms of the coordinates (z,r,).
Recall that r, is a continuous monotonously increasing
function of r, such that r also depends continuously on r.,.
However, the function m(r) jumps at each shell; thus,
when introducing the monochromatic ansatz ®,(t,r) =
e~ X,(r), one obtains a time-independent Schrddinger
equation with a potential that jumps at each shell. As is well
known, for such problems the correct matching conditions
are the requirements that both X,(r) and its first derivative
(with respect to r,) must be continuous, which leads to

Xz j(R;) =Xz ;-1(R;), (69)
and
dX, ;(r) _ dXy;_,(r) (70)
dr* r=R; dr* r=R;

forall j =1,2,..., N. However, note that the derivative of
X,(r) with respect to the areal radius r jumps since dr, /dr
involves the function m(r) [see Eq. (37)].

Using Eq. (67), the matching conditions (69), (70) can be
reformulated in terms of the coefficients A, ; and T, ; as
follows:

Te; T j-1
Df,j(Rj)<Af{) = lDf,j—l(Rj)(AfJA 1)’ (71)
5] J=

where
X pi(r) Xxoej(r)
D r X A, X, ; 72
(1) <dd;j,j B d[;j, (r)> (72)

The determinant of the matrix (72) is independent of r,
since both %X », ;(r) and e* X~ , ;(r) are solutions of the
RW equation (35). Evaluating the determinant (for fixed
mass) in the limit » — oo one finds

det (Dy,(r)) = 2s, (73)

and thus the matrix is invertible as long as s = —iw # 0.

Finally, for future reference, we write the explicit form
of the tortoise coordinate r, at each shell. Using Eq. (38),
one obtains

j—1
Ry 1 —2m
k=1

for j=1,2,...,N.

IV. TRANSFER MATRIX METHOD

In this section we introduce the transfer matrix formal-
ism, and we compute the explicit form of the transfer
matrices using a perturbative approach. To this purpose it is
convenient to rewrite Eq. (71) in the form

Y, YT,
( f”):r\/ﬂj( f"'), (75)
Agj Ag i
where we have introduced the transfer matrix
M; = Dy ;(R;) "Dy j-1 (R)). (76)
The transfer matrix (76) matches the amplitudes of the in-

and out-going waves on both sides of the jth shell. The
explicit form of this matrix is

U = <(Mj)11 (Mj>12) (77)
’ M)y (M)
with
1 [dX~, dX sy,
(M) 1y :2_s( dr., LX o1 — Xnp dr. L), (78)

1/ dX X

(Mj)yy =5-{ = Z X ppiot + X g 20T, (80)
2s d d
1 [ dX -y, dX~ s ;

(Mj)ay =5 = Z LXrxpjor + X 2pj NET) (81
2s dr dr

where it is understood that the expressions on the right-
hand side are evaluated at r = R;.

Taking into account Eq. (68) and the fact that s = —iw is
purely imaginary it is easy to see that

(Mj)zz = (Mj)llv (82)

(Mj)zl = (Mj)lz- (83)

From Eq. (73) it also follows immediately that the
determinant of M;(r) is unitary

det(M;) = 1. (84)

By multiplying successive transfer matrices, one obtains
the total transfer matrix

My == MyMy_; - - - My, (85)
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which connects the amplitudes Y, and A, in the inner
Minkowski space with the amplitudes Y, 5 and A, y of the
waves outside of the Nth shell

T T
( f’”) = MT< ”'(’). (86)
Asn Asp
Note that the total transfer matrix (85) also satisfies the
properties (82), (83), and (84).

A. Perturbative expansion of transfer matrices

It is useful to write the matrix D, ; as the sum of two
terms

2m; DY (r)
(0) Y

D, i(r)=D — 87
0j(r) =D (r) + == (87)
where the first matrix on the right-hand side of Eq. (87)
does not depend on the mass function m(r), while the
second summand is proportional to the weak-field term
2m(r)/r. After introducing the matrix

0)/ N1—1ra(1
B,(r) = [B ()] "Dy (7). (88)
one can factor out IDL(ﬂO)(r) in Eq. (87) and write

Dy (r) = ID(fO)(r) (1] +%Bf—m>. (89)

r wr

This makes possible to express the transfer matrix (76) as

om, BM;)} 8 [ﬂ

M, = |1

2m;_; B,(R;)
o e ) } (90)

J J

J

It is important to observe that the matrix (88) is bounded
for finite values of wr. It remains bounded in the limit
or — oo as can be seen from the high-frequency asymp-
totic expansion

B/() =B+, 800+ O( ) 61

(or)?
with
0 1—52<i 0>
B = 92
D0 =75 02)
and
(1) f(f—f— 1) -1+ 2 0 e~2ior,
B (r) = — .
L) : ISR R

Note that the zeroth order term (92) gives the dominant
contribution in the high-frequency limit for scalar (S = 0)

and gravitational fields (S = 2), whereas it vanishes for an
electromagnetic field (S = 1). In the latter case the first-
order term, proportional to the matrix (93), provides the
leading contribution.

The fact that the matrix (88) is bounded allows one to
expand the right-hand side of Eq. (90) in the weak
field limit (26) and approximate the single-shell transfer
matrix as

2Am

M; =1 —wT?fBK(R,.) —l—(’)((i—’;}éBf(Rj))Z), (94)

where the matrix B,(R;) must be understood as a short-
hand notation for the truncated expansion (91).

Equation (94) shows that the single-shell transfer matri-
ces share two features: (a) they are “close” to the unit
matrix, i.e., they have the form

and (b) their “distance” from the unit matrix, which is
measured by the parameter ¢;, decreases as 1/ j2. As
discussed in Appendix B, these two features ensure that
the total transfer matrix (85) can be written in the form

N Am
;w(Rl + (k—1)AR)? B/ (Ry)

o{()

We remark that condition (a), in itself, does not guarantee
the validity of the expansion (96); it is also necessary that
the parameters ¢; decrease sufficiently fast for increasing
values of j. In the present case both conditions are fulfilled.

MT:ﬂ—Z

V. TRANSMISSION AND REFLECTION
COEFFICIENTS

We now analyze the transport properties of the spacetime
defined in Sec. II. We focus our attention on the propa-
gation of a monochromatic spherical wave of frequency @
and total angular momentum #. We consider a wave which,
after being radiated from the center of the inner Minkowski
space, crosses N thin concentric shells. Our purpose is to
compute the corresponding transmission and reflection
coefficients.

To achieve this goal, we first have to determine the
energy flux associated with a spherical wave. In the case of
scalar (S = 0) and electromagnetic (S = 1) waves, incom-
ing and outgoing fluxes can be computed in a straightfor-
ward way by means of the energy-momentum tensor
associated with the field. The case of linearized gravita-
tional waves (S = 2) is more delicate, because for gravi-
tational radiation there is not an energy-momentum tensor
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with the properties of being covariantly defined, local,
and divergence-free (see, for instance, Refs. [55]).
Nevertheless, as discussed below, the covariant interpreta-
tion of the RW equation (35) [51,56] allows one to
introduce a universal effective energy-momentum tensor
T,, which gives rise to a conserved current when contracted
with the timelike Killing vector field of the Schwarzschild
spacetime, even if the tensor 7,, has a nonvanishing
divergence. In this way it is possible to compute the
desired conserved flux for fields of arbitrary spin S. For
§ = 0, the effective T, coincides with the usual energy-
momentum tensor of the scalar field (which is divergence-
free), whereas for § = 1 it is shown in Appendix C that the
resulting fluxes agree (up to a constant factor) with those
associated with the Poynting vector.

Our universal approach is based on rewriting the RW
equation (35) in the covariant form [51,57]

Vi) = _2m(r)S (o7

=

O% + V(r)¥ =0,

where [J:= —V¥V, is the curved spacetime d’Alembert
operator and ¥ is a (real-valued) scalar function which
admits the series representation

) 4
P(Er8.9) ==Y Y @p,(t.r)Y"(9.9). (98)

N =

In Eq. (98) the functions ®,,, are solutions of the RW
equation (35), while the functions Y?” are standard
spherical harmonics, and we have momentarily reintro-
duced the magnetic quantum number m which should not be
confused with the mass function m(r). The functions @,
should be chosen such that ®,,, = (—1)"®, _,, in order to
guarantee that ¥ is real-valued. Equation (97) describes a
scalar field W which is subject to the external effective
potential V(r). Note that for S = 0 this potential vanishes
and Eq. (97) reduces to the standard wave equation.
Motivated by these observations, we introduce the
effective energy-momentum tensor
= (V,9)(V,%) - 50, [(V¥) (V%) + V(¥ (99)
which is symmetric by definition and, according to
Eq. (97), satisfies the divergence law

1dV

5 (T

VT = =34,

(100)
As stated above, the right-hand side is only zero in the
scalar case, i.e., when S = 0. However, when both sides of
Eq. (100) are contracted with the timelike Killing vector
field k := 0/0dt, one obtains the conservation law

V”J’é =0, Jh =

—TH kY, (101)

since k[r] = k*V,r = 0. As shown below, the presence of
this conserved current allows one to compute the in-
and outflow of scalar, electromagnetic and linearized
“gravitational” energy across surfaces with a fixed radius
over a given time period in a fully covariant way. This
finding underscores that the presence of a divergence-free
energy-momentum tensor is not a prerequisite for defining
conserved currents. Nonetheless, the physical nature of the
effective tensor (99) remains elusive.

A. Energy flux through a sphere

The energy that is radiated through a sphere §? of
constant radius r during the time interval Af is given by
the flux integral

AF = / Jin,dz, (102)

[t1+Af]xS?

over the three-dimensional hypersurface [z, + Af] x S2. In
Eq. (102) dX denotes a surface element and n,, is the unit
outward covector to this surface. For the spacetime with
metric (2) one has

—\/1- 200 2 g1, (103)
\/7

and hence the average energy radiated per unit time is
given by

AF » t+At
r
—_— = dt | dQJ!.
At At / / €
t §?

Note that this average only depends on the radial compo-
nent of the current, which is equal to

0¥\ /¥

or,)\ ot )
We remind the reader that the tortoise coordinate r, is
defined by Eq. (37). We next introduce the expansion (98)
in Eq. (105) and integrate the radial current over a sphere.

With the help of the orthonormality relations of the
spherical harmonics, we obtain

[amn=-$ 8w (32)(55)]

< 6= m=—¢

(S S ()

(104)

(105)
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Taking into account the monochromatic ansatz (67) and the
identity (68), we conclude that the second series in the
right-hand side of Eq. (106) vanishes, while the summands
in the first series are equal to

X X

110] Sfm Nofm

o Uen = ) det( gy ) (100
ar, or,

The Wronskian in the previous expression is equal to the
determinant of the matrix (72), i.e., to 2s = —2iw. One is
thus led to the conclusion that the average energy flux
through a sphere of constant radius r is

00 4
wZZ Z |Tfm|2 - |At’m|2)'

=S m=—¢

(108)

Note that the flux (108) does not depend on the surface
radius r; it is proportional to the square of the frequency w,
and positive for purely outgoing waves and negative for
incoming ones.

As an additional remark, we observe that Eq. (108)
makes possible to prove that the conservation law (101) is
consistent with the unimodularity of the transfer matrices,
see Eq. (84). In fact, when the condition of flux con-
servation (101) is applied to a monochromatic wave
crossing the jth shell, one obtains

|Tfm,j| |Afm /|2

X1 * = (109)

|Afm,j—1|2‘

With the help of Eq. (75), one can write the previous
identity as

10011 = 105) 2P 1P = A1)
= ‘Yfmﬁj—l |2 - |Afm,j—l 2, (110)
which leads to the conclusion that
[(M)) 1> = [(M)) o = 1. (111)

Eq. (111), together with conditions (82) and (83), implies
that the determinant of the transfer matrix M; is equal
to one.

B. Transmission and reflection coefficients

The transmission and reflection coefficients across N
shells are defined as follows:

Transmitted flux
= 112
Incident flux (112)

[Reflected flux]|
Ror= 113
Incident flux (113)

Taking into account Eq. (108), for a monochromatic wave
of angular momentum # and magnetic quantum number m,
these coefficients become

|ﬂrfm,N|2 _ |/\f’m.0|2

B |’Tfm,0|2 .

Equation (86) shows that the amplitudes of the impinging,
reflected, and transmitted waves are linked by the total
transfer matrix. Assuming that no incoming radiation
reaches the outer Nth shell from the external region,
Eq. (86) can be written as

T =

(114)

0= (Mz) Apmo + (M) 12 pmos

Yomn = (Mr)a Apmo + (M7)2n L -

(115)
(116)

These equations, together with the properties (82), (83),
and (84) of the total transfer matrix, make possible to write
the transmission and reflection coefficients as

|(M7),,]? 1
=Mool oy 1
|(M7),,)? |(M7),,]?

Note that the condition of unitary determinant implies
that

(117)

T+ %=1, (118)

as expected.

VI. RESULTS

In this section we present the most relevant results for the
reflection and transmission coefficients in the weak field
limit. We provide explicit expressions for % and 7 for
scalar, electromagnetic and odd-parity linearized gravita-
tional radiation fields with total angular momentum number
¢ satisfying § < ¢ < 4. Furthermore, we analyze in greater
detail the transmission properties of our model in the high-
frequency limit.

To compute the transmission and reflection coefficients
one must insert the elements of the transfer matrix (96) into
Eq. (117), which yields

1 Am \?2
2 2
‘ 2Am Zk 17 (Be(Ri)) 1y wAR

R, +(k—1)AR)?
(119)
2Am N (Be(Ri)) 1o 2
“w Zak=1 (R, +(k=1)(AR))? A 3
7= 2A . 1+(kBl)f(3AI:>) 2 N O(( (An;)2> >
m w
1 -2y | B
(120)

It is important to observe that the matrices B,(Ry)
have purely imaginary diagonal elements, as can be
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deduced from the properties of the matrices D, ;(r), see
Appendix D. As a consequence, the denominators on the
right-hand sides of Eqs. (119) and (120) differ from one by
a term which is quadratic rather than linear in the expansion
parameter Am/(w(AR)?). Since we have determined
B,(R;) only up to first-order terms, we cannot use
Eq. (119) to determine the leading-order correction of
the transmission coefficient. However, we can use
Eq. (120) to compute the reflection coefficient in the
second-order approximation and then obtain .7 from the
property (118) of flux conservation.

A. Weak field reflection coefficient

Using Eqgs. (63), (72), (87), (88), one obtains from
Eq. (120) the following explicit expressions for the reflec-
tion coefficient, neglecting third or higher order terms in the
expansion parameter:

(1) For the case £ =S =0,

PR (A_'")Z
(1))

(2) ForthecaseZ/ =1and S=0or S=1
%<A_my
w

N 2ioRer. () E, (2iaoR,)
(R, + (k—1)AR)?

(121)

k=1

N e—2iwr*(Rk)

k=1 (Rl + (k_ I)AR)Z

2
(i —2wRy) — ieZi"’RkE3(2ia)Rk)}

(122)

(3) For the case # =2 and S =0, 1 or 2,
N e—Ziwr*(Rk)

A = (%m)z Z(R1 + (k= 1)AR)?

3(8% +3) 3(8% 4 10)i
{ 2(wRy)* 4(wR)?
S2+6 2

B 2wR,

(2wRy — i) +

+ ie2wakE3(2ink)] (123)

(4) For the case # =3 and S =0, 1 or 2,

()1

225(52 + 8)
[ 8(wRy)°
15(382 4 26)

2(0Ry)?
$2+10

"~ 2wR,

—21a)r*(RA)
—1)AR)?

15(138% 4 106)i
4(6()Rk)4

(i—20R;) -

21(S% + 10)i
4(C()Rk)2

2

—ie¥ R E, (2in,()} (124)

(5) For the case # =4 and S =0, 1 or 2,
N e—2ior. (Ry)

Am\?2
'%<7) 24 (R, + (k=1)AR)?
2205(8%+15) 315(518%+770)i
{ 2(wRy)® 8(wRy)°
_ 105(418*+630) 15(978> +1544)i
4(wRy)? 4(wRy)*
3(5152+860) 375%+660
2(wRy)? 4(wRy)?
82420
2wR;

2

+l 21kaE3(2[CORk):| (125)

In these formulas the exponential term e~2"(Rt) can be
computed with the help of Eq. (74), which yields

exp (—2iwr,(Ry))
— exp [—2in1 <1 + (k- U%)]

1
k=1
X exp [—4ia)Am Z J log(
=1

1+ (& = %" ﬂ
AR AR 2Am :
St (R R

(126)

Interestingly, for scalar waves (S = 0), the reflection
coefficients for monopolar (Z = 0) and dipolar (Z = 1)
waves are identical to each other.

— §=0,=0 - S=1,0=1 === §=2,0=2
T T T
28 i
Sk A'\\\ |
! “,u"”\\\\ |
@ . i \\\\\ ,4{{?()(‘5
= ¥ s = :'\C\(
&g -lr e J
...... N
14 F "\ Ry -
N
N .
17 F N
N
'\‘m >
20 ! ! ! -
1 2 3 4
logo(@R))
[N =10 R//AR=02  Am/R, = 0.01]
FIG. 3. Reflection coefficient versus the dimensionless fre-

quency in a log-log scale for different values of S = ¢ and the
parameter values N = 10, R;/AR = 0.2, and Am/R, = 0.01.
For reference, we also display a line with slope —4 corresponding
to the power law decay (wR;)™
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— §=0,(=0 e §=2,(=2 —— High frequency
......... S=1,(=
20— T T T
:l 1.010
1.8F i i
!E 1.005
16F i X i
i | 1.000
! Y
L4 ': 0.995 7]
T
~a2f o e
i mzomzs 1030 1035 1040 10451050
1 1
2 3 4
log;o(®R))
(N=10  Ri/AR=02  Am/R, =0.01]

FIG. 4. Rescaled reflection coefficient versus the dimensionless
frequency in a semilog scale for different values of S = ¢ and

the parameter values N=10, R;/AR =0.2, Am/R; = 0.01.
Also shown is the high-frequency expression from Eq. (127).

The inset represents a zoom in a linear scale over the interval
R €[1020, 1050].

OR;

......... 5 - 50 —_— 500 ————— 5000
ST AR e
Tk i
O r

logy (%)

-13

-15

-17

P P BT

1 2 3 4 5 6 7 8 9 10

Number of Shells: N
Am/R; = 0.01

[Rl JAR=0.2 §=2 e:z]

FIG. 5. Reflection coefficient versus the number of shells for
different values for the dimensionless frequency wR; and the
parameters R;/AR = 0.2, Am/R; =0.01, S =2, and £ =2.
The change in the reflection coefficient with respect to N is
imperceptible (less than 1%), its value saturating from the first
shell on. To better illustrate this fact, we have connected the data
points at integer values of N with dotted or dashed lines.

B. High frequency reflection coefficient

The analysis of the behavior of the reflection coefficient
in the high-frequency limit (HFL) is particularly significant
for several reasons. First, the outcomes observed under
the HFL are consistent with those predicted by the
Wentzel-Kramers-Brillouin (WKB) method worked out
in Appendix E. This consistency underlines the reliability
of the HFL approach in our analysis. Second, the HFL
proves to be a valuable tool for understanding the behavior
of both transmission and reflection across various types of
radiation discussed in this work, irrespective of their total
angular momentum. To illustrate the utility of the HFL
further, consider the following equation, which encapsu-
lates the derived relationships and quantifies the reflection
coefficients in a concise mathematical form

) i e—2ior.(Ry) 2
X =F (127)
— 1)AR\3| °
— (I+(k=1) Rl)
— 5=0,0=0 - S=1,(=1 - §=2,(=2

1 2 3 4
logjo(@R)

FIG. 6. Reflection coefficient versus dimensionless frequency
on a log-log scale for different values of S = . The parameters

are R;/AR =2 and Am/R; = 0.01 and N = 2 (top panel) and
N = 10 (bottom panel).
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where the factor F is given by

_Amt(f+1)-1+8°
"R, 2(wR,)?

(128)

It is remarkable that the dependency on the angular
momentum and spin only appears in the factor F, which
allows us to study the dependency on @ and N by
considering only the second factor in Eq. (127). In view
of this, it will turn out to be convenient to analyze the
quantity F~2% instead of %, as the former becomes
independent of # and S in the HFL.

C. Numerical results

In what follows, we analyze the behavior of the
reflection coefficient using the expressions (121), (122),

—— High frequency

(123), and (127), as a function of the following dimension-
less parameters
(1) ®R; (dimensionless frequency),

(i) Am/R, (perturbative parameter),

(ili) AR/R,; (distance between the shells in units of R;).
Note that AR/R; determines the average mass density of
the system (i.e., its total mass divided by its volume), small
values corresponding to high average densities and vice-
versa. As we will see, this density influences the qualitative
behavior of the reflection coefficient. To illustrate this
point, we exhibit our results for three different configura-
tions: low average density (R;/AR = 0.2), medium aver-
age density (R;/AR =2), and high average density
(R/AR =20). In each case we show results for the
reflection coefficient for waves with S =0, 1, 2, and for
definiteness we restrict ourselves to £ = § (however, note
that in the HFL, the value of £ only affects the factor F). A
direct comparison between the low, medium, and high
average density systems will also be provided at the end of
this section.

1. Low average density

Figure 3 shows the reflection coefficient as a function
of the frequency on a log-log scale for N = 10 shells. We
observe that for fixed w, this coefficient becomes larger as S
and 7 increase, as is expected from the behavior of the
function F in the HFL. Furthermore, a slope of approx-
imately —4 is observed, indicating that the reflection

OR;
) ) T 5 —_——— 50 —_—— 500 ——— 5000
6~ . . . ST T T T T T T T B
(N=10 : oo e e
: 2.00 ‘ ‘ ) | |
38 “W“u | “
i q e \ [ I \ H ‘ l L \‘ R N PSP SPUR O
4 h“l\)ﬂv / /«/ \N W\” "M ] i
UMMM‘ H» s
X, W”“UU“"‘ \“‘\\‘_ %-11— -
‘Lx_ Msooo Jl_)_zg___”_ 1050 1060 W%‘l{_u_..--“"i-l()ﬂ %‘0
T e e —a—aa ]
2
15 F J
1
-17 ey .
i PRI BEETE BrSTEE ST SRS SRS ST ST SrArarel B ST St
00 1 ’ 3 1 1 3 5 7 9 11 13 15 17 19 21 23 25
I Number of Shells: N
ogo(@Ry)
(Ri/AR=2.0  Am/Ri=001 S=2 (=2]
FIG.7. Rescaled reflection coefficient versus the dimensionless
frequency in a semilog scale for different values of S = # and the FIG. 8. Reflection coefficient versus the number of shells for

parameter values R;/AR =2, Am/R; =0.01 and N =2 (top
panel) or N =10 (bottom panel). Also shown is the high-
frequency limit obtained from the expression in Eq. (127).
The insets in both panels provide a zoomed view in a linear
scale over the interval wR; € [1000, 1100].

different values of the dimensionless frequency wR; and the
parameters R;/AR =2, Am/R; = 0.01, and § = 7 = 2. Small
fluctuations in the reflection coefficient are observed in the first 5
shells; however from the sixth shell on these fluctuations are
smaller than about 2%.
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coefficient decays according to the power law (wR;)~. This
can again be attributed to the expression for the factor F' in
the HFL, see Eqgs. (127) and (128). Figure 4 shows the
rescaled reflection coefficient F~2% as a function of the
frequency in a semi-log scale, along with the HFL expres-
sion (127). As expected, the exact coefficients converge to
the ones obtained in the HFL for large values of @R. Note
also that the reflection coefficient exhibits an oscillatory
behavior in the frequency, albeit with a tiny amplitude.

We have also varied the number of shells N from 1 to
100 and found the same qualitative behavior as the one
shown in Figs. 3 and 4, with variations of the reflection
coefficient of less than 1%. This is further illustrated in
Fig. 5. The fact that for the low average density case the
reflection coefficient is nearly independent of N can be
understood by looking at the HFL expression (127).
Indeed, for AR/R, = 5, the second term in the sum is
smaller in magnitude than the first term by a factor of at
least 63 = 216.

logy(%)

logo(%)

1 2 3 4

logjo(@Ry)

FIG. 9. Reflection coefficient versus the dimensionless fre-
quency in a log-log scale for different values of S =¢ and
parameters R; /AR = 20, Am/R, = 0.01 and N = 2 (top panel)
and N = 10 (bottom panel).

2. Medium average density

Figures 6-8 show the behavior of the reflection
coefficient for the medium average density case,
and they should be compared with the corresponding
Figs. 3-5 for low average density. As can be seen from
this comparison, the medium average density reflection
coefficient decays again as (wR,)™*, as predicted from the
factor F in the HFL. However, in contrast to the low
average density case, the reflection coefficient exhibits
oscillations in the frequency with a much larger ampli-
tude which originate from the sum in the second factor of
Eq. (127). Furthermore, one observes that these oscil-
lations become more irregular when the number of shells
increases from N =2 to N = 10. This effect is particu-
larly visible from the plots in Fig. 7 and the inset in the
bottom panel of that figure which shows that the oscil-
lations are not sinusoidal.

— §=0,(=0 - §=2,0=2 —— High frequency
......... S=1,0=1
5 T T T T
i IN=2
1
H T
20
N §
o .
st
10
5_
0 1
0 1 2 3 4

logo(®Ry)

FIG. 10. Rescaled reflection coefficient versus the dimension-
less frequency in a semilog scale for different values of § = ¢ and
the parameter values R,/AR =20, Am/R; =0.01 and N =2
(top panel) and N = 10 (bottom panel). Also shown is the high-
frequency limit obtained from the expression in Eq. (127).
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From Fig. 8 we see that the reflection coefficient shows
small fluctuations as a function of N up to the first 6 shells,
after which it saturates to a constant value. As in the
previous case, this can be understood by looking at the HFLL
expression (127), for which AR/R; = 1/2 in the medium
average density case, such that the seventh term in the sum
is smaller than the first one by a factor of at least 4° = 64,
which is consistent with the 2% bound observed for N > 6.

3. High average density

Figures 9-11 show the behavior of the reflection
coefficient for a system with high average density. As
these figures show, the oscillations’ amplitude is even
larger than in the medium average density case. They
are still regular for N =2; however for N =10 they
present an irregular pattern, as in the medium average
density case. Regarding the saturation of the reflection
coefficient with the number of shells shown in Fig. 11, we
see that it occurs at about N = 60. Comparing the sixty-
first term in the sum in Eq. (127) with AR/R, = 1/20, we
obtain a factor of 43 = 64 relative to the first term in the
sum, which is consistent with the 2% bound observed
for N > 60.

4. Direct comparison between low, medium,
and high average density

Finally, we show in Fig. 12 a comparison of the rescaled
reflection coefficient F~2% between the low, medium and

0R;
......... 5 - 50 —_—— 500 ———— 5000
ML BLELLES LELALEL BLLELES UL L IS LEL AL L LI
5 e
TF i
—~ 9 ﬂ\ ;MW . .
Q) ¥
= -1t il
o0
<
-13 e Peneas
-15 F 1
a7 et ]
PERTEE BFSETERTEY PSSR SRR SRR SN R | PSS MR ST PR
1 10 2 30 40 50 60 70 80 90 100
Number of Shells: N
(Ri/AR=200  Am/R =001 S=2  (=2]

FIG. 11. Reflection coefficient versus the number of shells for
different values of the dimensionless frequency wR; and the
parameters R; /AR = 20, Am/R; = 0.01, and S = £ = 2. Mod-
erate fluctuations in the reflection coefficient are observed in the
first 50 shells; however from the sixtieth shell on these fluctua-
tions are smaller than about 2%.

Ri/AR
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2 T T T T
1 \ 5
& ¥ i ST T . E
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[N= 10 Am/R =001 S§=2 e:z]

FIG. 12. Rescaled reflection coefficient versus the rescaled

frequency wAR = % - @Ry in a semilogarithmic scale for fixed

parameters N = 10,l Am/R; =001, S=2, and £=2 and
different values of R;/AR.

high average density systems, as a function of wAR. As
observed previously, in the low density case the reflection
coefficient oscillates with a very small amplitude which is
not visible in this plot, whereas the oscillations are more
pronounced in the medium and high density cases. As can
be observed, the (rescaled) period of the oscillations in the
medium and high density cases are similar; however the
oscillations in the latter case are much more irregular.

VII. CONCLUSIONS

In this work, we have considered a spacetime consisting
of N thin spherical concentric shells of matter separated by
vacuum regions. By specifying an appropriate equation of
state for this matter and based on the Israel junction
formalism and the work in Refs. [27,32], we have derived
the relevant equilibrium conditions [see Eqs. (20) and (21)]
leading to static configurations and analyzed their stability
with respect to small spherical perturbations of the shells.
In the regime of a weak gravitational field and low
temperature (i.e., the internal surface energy is much
smaller than the rest one), the hydrostatic equilibrium
conditions simplify considerably [see Eqgs. (28) and (29)]
and can be interpreted in terms of Newtonian physics.
Furthermore, we have shown that in this limit, the stability
conditions are automatically satisfied.

In particular, we have shown that by choosing a
configuration consisting of equidistant shells of equal
mass, the low-temperature weak field limit can be
maintained independently of the number of shells N.
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This allowed us to study the transmission properties of an
outgoing monochromatic wave emanating from a source
located at the center of the configuration and propagating
through a configuration with an arbitrary number of shells.
We solved the Regge-Wheeler equation perturbatively to
first order in the small parameter 2m/r for a field with
arbitrary spin S and angular momentum number £ > S
[see Egs. (62) and (63)]. To the best of our knowledge, the
generalization to arbitrary values of £ is a new result. We
also note that, since we have analytical formulas with fast-
converging series for the reflection coefficient, the compu-
tational costs of evaluating the transmission and reflection
coefficients are totally negligible.

By using the transfer matrix formalism, we performed a
comprehensive study of the transmission and reflection
coefficients as a function of the frequency, the distance
between the shells and the number of shells.

Our study revealed that the qualitative properties of the
transmission and reflection coefficients depend fundamen-
tally on the ratio between the areal radius of the first shell
and the distance between the shells, which determines the
average mass density of the system. While for low average
density the reflection coefficient decays as (wR;)™* and is
almost independent of N, systems with high average
density still decay in the same fashion but are modulated
by wide oscillations in @R; which become more and more
pronounced as N increases. Most of these effects can be
understood from the expression in Eq. (127) in the high-
frequency limit.

In all cases we have studied, the reflection and trans-
mission coefficients approach a finite value as N becomes
large. In particular, the transmission coefficient does not
converge to zero in this limit. We attribute this to the fact
that the transmission through the jth shell is determined
by its surface density Am/(4zR;)* [cf. Eqs. (91), (96),
and (119)]. Since in our model Am is constant and R;
grows linearly with j, the shells become progressively less
dense and, therefore, more transparent which leads to the
observed saturation as N increases.

Future research could study the generalization of the
present analysis to include even-parity linearized gravita-
tional waves and different scenarios, like the propagation of
a monochromatic plane wave from infinity through the
spacetime region shaped by N thin spherical concentric
shells. Furthermore, it would be interesting to consider
models with random fluctuations of the masses of the shells
and the distances between them. Specifically, one could
analyze in such a model the transmission properties of
outgoing waves, and investigate whether disorder can
produce localization effects [58—61].
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APPENDIX A: HYDROSTATIC EQUILIBRIUM
FOR THIN NEWTONIAN SHELLS

In this appendix we show that Eq. (29) which was
obtained in Sec. II D by taking the nonrelativistic limit of
the Israel junction conditions can also be directly derived
from the condition of hydrostatic equilibrium of a thin shell
in a purely Newtonian setting. Our arguments are based on
Secs. IT A and B of [27] and generalize the results of that
work to the case in which the shell surrounds a spherical
concentric mass distribution.

Hence, we consider a thin spherical shell of matter of
mass m, and radius R which is subject to two forces: the
force due to the push of matter in the outward radial
direction, generated by the surface pressure p, and the
gravitational force which is directed toward the center of
the configuration. Let us denote the radial components of
these forces by F, and F'y, respectively, such that the total
force acting on the shell is

F=F,+F,. (A1)
The force F, is obtained by analyzing the work done by the
surface pressure due to an increase dA of the area of
the shell

dW = p-dA = p - 8rRdR, (A2)
resulting in the net radial force being
F, = 8zpR. (A3)

To calculate the gravitational force, it is convenient to
perform the calculation starting from a shell of finite width
2¢, as illustrated in Fig. 13, and taking the limit ¢ — O at the
end of the calculation. We assume that the shell has the
following mass density profile

p(r) = {26

0, otherwise,

R—e<r<R+e,
(A4)

where ¢ denotes the surface density in the limit € — 0.
Accordingly, the total mass contained in a sphere of radius
r lying in the interval R—e <r < R+ ¢ is

P —(R-¢)

6e ’ (A5)

m(r) = my, + 4no
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FIG. 13. Configuration consisting of a spherical shell of width
2¢ with a central object of mass mi;, in its center.

with m;,,, the mass of the central object. Note that the mass
of the shell, m;, =m(R+ ¢) — m(R —¢), converges to
47R%c in the limit &€ — 0, as required. The gravitational
force acting on the layer of radius r is

dF, =

4 , dm(r) = 4xr’p(r)dr.

m(r)dm(r
_G (r)iz (r) (A6)

Hence, the total gravitational force acting on the shell is

R+e
F, = —4nG / m(r)p(r)dr
R-¢

2
= —47Go [mim + % (BR*=2Re+€%)|. (A7)

Taking the limit ¢ — 0 we obtain for the total force

F =8npR —27Go(2myy + my), (A8)
and hence the condition for hydrostatic balance is
4R
2y +m = L. (A9)

Go

To apply this result to the jth shell of the configurations
in Sec. Il we substitute mj, > m;_y, mg > m;—m;_y,
R+ R;, pt> pj, 6> 0 ; and use geometrized units

G = 1. This leads to Eq. (29) as was to be shown.

APPENDIX B: ERROR ESTIMATE FOR THE
LINEAR APPROXIMATION OF FINITE
MATRIX PRODUCTS

In this appendix we consider a finite product of matrices
of the form

My = (1 4+ eyBy) (1 + ey By_y)--- (1 +€¢B;), (Bl)

with a decreasing sequence €:=¢€; > €; > ... > €y_1 >
ey > 0 of positive small numbers and uniformly bounded
matrices B, i.e., there is a constant b such that

1Bell < & (B2)

for all k > 1. Consider the first-order approximation

N
j=1

such that My = MS\}) + O(€é?). In general the quadratic
error term O(e?) depends on N. However, we show in the
following that if the sequence ¢ falls off sufficiently fast,
then the error term has an upper bound proportional to ¢?
that is independent of N.

To analyze this, we note that the residual Ry :=

1 .
My — Mg\,) can be written as
Ry = E €x, €k, By, By, + E €k, €k, €1, Br, By, By,
ky>ky ky>ky>ks

+"’+€N€N—1"'GIBNBN—IH'BI' (B4)

Taking into account Eq. (B2) and defining sy := Eszl €
one finds

[Ry| <b° Z e €k, + b Z €k, €1, €k,

ky >k, ky>ky>ks
+...+bN€N€N_1...€l
2 b3 bN
o2 B3 TGN
§2sN+3!sN—|— —l—N!sN
< h(bsy). (BS)

with the function h(x) :=e*— 1 —x. Using the estimate
h(x) < 1x?e* one concludes that

1 N
|Ryll <5 (bsy e, syi=> e (BO)
k=1
for all N €N. In particular, if

(s
Seo I= E €, < 00
k=1

(B7)
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converges, it follows that Ry has an upper bound that is
independent of N. For the calculations in Sec. IV, the
relevant model is €, = e/k?; therefore 5., = € x 7°/6 and
one obtains the uniform bound

n*h?

IRy|] < = €.

<36 (B8)

for all NeN and small enough e >0 such that
7*be < 61log(2).

If ¢; is small but is not summable one cannot expect such
a uniform bound in general. For example, if all B,’s are
equal to the identity matrix and ¢, = ¢/k, then it follows
from Eq. (B4) that

Ryl =1+ Zeklekz

ky>ky
2
2 (20 -2al
=14+ — N s
2 ;k ;kz
2 [(20)-7]
>1+— —) ==, (B9)
2 ;k 6

which diverges like (logN)?> when N — oo even if €

1s small.

APPENDIX C: ELECTROMAGNETIC FLUX
THROUGH A SPHERE

In this appendix we show that the electromagnetic flux
through a sphere computed from the electromagnetic
energy-momentum tensor is, up to a factor, equal to the
expression obtained from the effective energy-momentum
tensor with § =1 in Sec. V.

Recall that in terms of the electromagnetic field tensor
F,, the electromagnetic energy-momentum tensor T%, is
given by

1
(Tem), = F*“F o = 3 &, F, sF7, (C1)
and recall that only its r-component is needed to compute
the average energy flow per unit time from Eq. (104). In
particular, the radial component of the electromagnetic
current is

Sem) = ~(Tp); = —=F™F 4, (C2)
where A = 9, ¢ refer to the spherical components. In the
following, we express this quantity in terms of the functions
®,,, that appear in Eq. (98).

To this purpose, it is necessary to know the relation
between the components F,, and F,, of the electromag-
netic field tensor and the functions ®,,,. From Sec. Il B in

Ref. [51] one can deduce the relation between F,, and the

master scalars ®*) in the even- and odd-parity sectors
(denoted by @ and n?) in [51]), which are related to
our functions @,(z,r) :CDI(;)(I, r) satisfying the RW
equation (35) with S = 1 according to

&) (1,r,9,¢) = ZZQ)fmtrYfm@(p) (C3)
=1 m=-¢
In terms of these master scalars one has
Fou=-V,A™(89,0,01)) + 2,8V,30,00),  (C4)
F,y = =V,A™'(8,0,01)) 4 2,8V 0,05),  (C5)

where @A, A, &,p are the covariant derivative, the
Laplacian, and the volume form associated with the
unit two-sphere S2, respectively, and Z,, is the volume
form with respect to the two-metric §,,dx*dx" =
=N (r)d? +dr* /N (r), N(r) =1=2m(r)/r.

Using the fact that &, = —£, =1 and substituting
Egs. (C4), (C5) into Eq. (C2) yields, after integrating
and using integration by parts,

/2 aQryr, Z / dQ( o ) (aq;(t )>. (C6)

Introducing the expansion (C3) into the above and using the
orthonormality property of the spherical harmonics yields

(£) ()
0® 00
Qr2JT = —R E DF =l ) ZEm
/d 7S fem) efmi[f(f ) <6r* )( ot )

SZ

(C7)

Up to the factors [£(£ + 1)]T! (which can be absorbed into

the definitions of (DS;)) this agrees precisely with the
expression on the first line of Eq. (106). Therefore, for
S =1, we obtain expressions for the electromagnetic flux
which are equivalent to the ones derived in Sec. VA. In
particular, the reflection and transmission coefficients
defined in Eq. (114) yield identical results in both cases.

APPENDIX D: PROPERTIES OF
AUXILIARY MATRICES

In this appendix it will be shown that the diagonal
elements of the matrix B,(R;) defined in Eq. (88) are
purely imaginary. This is based on the fact that the
parameter 2/m /R ; is small and it is known that the elements

of the matrix D,(R;) satisfy
[Dr(R})] 1, = [De (R, (D1)
[DK’(Rj)]zz = [Df(Rj)]zp (DZ)
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as follows from the definition in Eq. (72) and the symmetry
(68) between the in- and outgoing solutions. Of course, the
properties (D1), (D2) also apply to the matrices D, (R j)(o)
and IDf(Rj)(l) in the sum (87). Furthermore, recall that
the matrices D,(R;) and D,(R;)® have determinant
2s = —2iw. As a consequence, one can verify that the

matrix elements of [D,(R;)®]~" satisfy
D (R) V5! = [D(R) O], (D3)
DR = DAR)OT, (D4)
which implies that
B,(R;)],, = [B(R))]},- (Ds)
Be(R,)],, = BB (D6)

Finally, applying the determinant to both sides of Eq. (89)
and using the aforementioned properties one finds

2m;
1 =det(1+—LB,(R; D7
o1+ 2hmc(ky) 07)
2m; 2m;\ 2
=14+—ZuB,(R)+0O[ |—L , D8
v oeeary o (F)). oy

showing that the trace of B,(R;) is zero. Together with
Eq. (D5) this yields

[B/(R))];; + Be(R))],, =0, (D9)
which implies that the diagonal elements of B,(R;) are
purely imaginary numbers.

APPENDIX E: INDEPENDENT WKB
CALCULATION FOR THE TRANSFER MATRIX

In this appendix we perform an independent calculation
for the transfer matrix in the high-frequency limit which is
based on the WKB approximation. The calculation does
not make use of the expansion of the RW equation in 2M /r,
and hence it provides an independent verification for the
results obtained in Sec. IV for high frequencies.

We start by introducing the ansatz ®,(t, r) = e~ u(r)
into the RW equation (35), where from now on we drop
the index ¢ for notational simplicity. This yields the time-
independent Schrodinger equation

{ - + V(r)] u(r) = Eu(r), (El)

Y
ors

with E = ” and the potential

V(r) = N(r) Lﬂ(fi:—”nL (1-5%)

r r

2m(r) '

(E2)

As in Appendix C, N (r) refers to the function N (r):=
1 —2m(r)/r, and we also recall that the relation between
the tortoise coordinate r, and the areal radial coordinate r is
given by Eq. (37) or (38). As in Sec. III we first compute the
solution in the region between two shells, where m is
constant and the potential V(r) is smooth and then match
the solutions across the shells using the matching con-
ditions derived in Sec. IIIE.

In the WKB approximation (see for instance chapters 6
and 7 in Ref. [62]) the in- and outgoing solutions of
Eq. (El) in the region R; < r < R;,, are given by

(=2 =" ()
us_;(r) = , u g i(r) = ,
’ ki(r) ’ k;i(r)
with the phase function
$i(r) = / ki (s)ds.. (E4)

Here, k;(r) :== \/E — V;(r) with V; being the potential V in

the region R; < r < R;,; where m(r) = m; is constant,

and ds, = ds/N ;(s). The approximation is valid as long as

VOO

’Nj<r>k;<r> 1
T2JE-V,(0Fr T

kj(r)2

where the prime denotes differentiation with respect
to r. In particular, the condition (E5) is satisfied for
E=aw?>> V(r).

In analogy with Eq. (67) the WKB solution in the region
Rj<r<Rj,is

ui(r) = Njux_;(r) +Yu - ;(r), (E6)

and the matching conditions can be written in the same
form as Eq. (71), that is

with

B M/,j(r) ’
B;(r) = (Nj(’")”//',j(r> N j(ryus ()

Using Eq. (E3) one finds
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N (r)Ki(r
Nij(r)u - ;(r) = [ikj(r) _ 1IN 0k(r)

2 k0 } u;(r), (E9)

and similarly for the derivative of ux_;(r). Owing to
condition (E5) one can neglect the second term on the
right-hand side, which leads to the following simplification

) — u q;(r) u_;(r)
D;(r) = (ikj(r)ufyj(r) —ik;(r)u~_;(r)

Note that det (D;(r)) = —2i. From this, one finds

). (E10)

T] T,]’—l
=M; , (E11)
with the WKB transfer matrix
cosh(®,)e"™4  sinh(®;)e %
Mj:( _<f) , (©5) ‘ ) (E12)
sinh(©;)e™  cosh(@;)e'®i
where ©;, A;, and X; are defined as
ki(R:
€% = J( j) , (E13)
ki_1(R;)
Aj=¢i(R;) - ¢;-1(R)), (E14)
L= ¢(R)) + i1 (R)). (E15)

In the high-frequency limit @? > V;(r) we can expand

T, Do)

* 20? ot

ki(r) = wy/1
(E16)

which yields

V(R,)=V.(R; 1%

Using Eq. (E2), recalling m; —m;_; = Am and abbreviating
;= (m;+mj,)/R;, one finds

V2
cosh(®;) =1+ O<a)i‘)’ (E18)

Sinh(©)) = S [A(4 4+ 1) = (1 = $)(1 - 2]

v
+ 0(0)4)

Furthermore, after integrating Eq. (E16) and adjusting the
integration constant, one obtains

(E19)

7+ (- 5;2>m.f] n @(V%ff)

¢i(r) =or, —|—i {

r I w
(E20)
This implies
1-82Am V3R,
A = — L 0o(-L1), E21
1
X =20r,|g, + pr [£(£+ 1) + (1= 5%
VIR,
+o(-57). (E22)
()

Taking into account that V; is of the order 2m;/R} < 1/R?
when £ = 0 and of the order 1/ R? when Z > 1, one obtains
the following matrix elements

1=52Am 1/1-=S8*Am\?
M']l = 1 —1 —_— — = —_—
1
+0 (—w3R3> , (E23)
J
Am 2 —2iwr,|g.
My = 5ogr (2 4 1) = (1= (1 = 2p))e ™"

J

1
)
J

(E24)

The terms that are zeroth and first order in Am/R; agree

precisely with the results obtained in the high-frequency
limit in Sec. IVA, see Egs. (92), (93), (94).
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